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Motion Tracking through Moiré Images of Fork Gratings
A highly sensitive passive motion sensing technique is presented. This strategy is
reliant on two fundamental components: the generation of moiré images and the use of fork
gratings as the imaged pattern. The moiré phenomenon is well known and has been used
in the past for measuring small changes in position or topography due to the large scale
changes in the moiré pattern relative to the change in the system. This research effort is
unique in the pairing of the moiré effect with a particular pattern known as a fork grating.
Fork gratings differ from Ronchi gratings, the typical pattern used in moiré experiments,
in that the central fringe splits into one or more additional line pairs at the center of the
pattern. This is responsible for many unique properties of the grating. Namely, the 2-D
spatial Fourier Transform produces diffraction orders which carry orbital angular
momentum.
This research combines the unique features of both moiré pattern generation and
the fork grating in order to make motion measurements of range, lateral motion, and
rotation which are more sensitive than other single-aperture passive, motion sensing
techniques. The fork grating introduces a handedness to the system not present in Ronchi
grating systems, and the moiré imaging process creates low spatial frequency duplicates of
highly sensitive, high spatial frequency diffraction orders of the fork grating. Analysis of
these fork grating moiré images are analyzed in frequency space by leveraging orbital
angular momentum, a conserved quantity, which allows the ambiguity of both sign and
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Horizontal coordinate in the spatial domain
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Fundamental nailbed frequency in units of line-pairs

𝐹𝑏𝑒𝑎𝑡 :

Beat frequency in units of line-pairs

I:
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:
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Third angle of the triangle made up of the origin, beat frequency
diffraction order, and nailbed delta function for a rotated fork grating and
stationary nailbed

𝜃2 :

Third angle of the triangle made up of the origin, beat frequency
diffraction order, and nailbed delta function for a rotated nailbed and
stationary fork grating

EFL:

Effective focal length

M:

Magnification

D:

Distance between the first principle plane of the imaging optics (or lens
assuming thin-lens approximation) and the fork grating

pp:

Pixel pitch

𝐿𝑓𝑔 :

Physical length of the fork grating
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Angular field of view
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sufficiently sampled by the detector

𝐹𝐼 :
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∆𝐷:

Resolvable change in distance detectable by the fork grating moiré image
range-finder (sensitivity)

∆𝐹𝑛𝑏 :

Change in nailbed line-pairs across the grating at the object plane

𝑣𝑓𝑔 :

Spatial frequency of the imaged grating at the detector in units of linepairs/mm

𝑣𝑛𝑏 :

Spatial frequency of the detector in units of line-pairs/mm

𝐶𝑆:

Crop size of the imaged grating in units of pixels

∆𝐹𝑏𝑒𝑎𝑡 :

Change in beat frequency line-pairs across at the image plane
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Wavelength
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Chapter 1

INTRODUCTION

The field of research for this dissertation effort is image-based remote position
sensing. This is to include measures of position, clocking, and distance, both absolute and
relative, all from passively imaged patterns and their resulting moiré images. There are
two basic classes of range finding techniques; passive and active. Passive methods rely on
the test equipment itself in order to determine the approximate range from the sensor to the
target, while active methods require information of some kind to be transmitted then
collected from the target before being processed.
Passive ranging dates back centuries. For example, the Roman Empire developed
a method ranging for their soldiers based on a dodecahedron which allowed them to
estimate range based on the perceived angular extent of an object. The Middle Ages saw
the development of the fore-staff, also used to measure angles, which was the precursor to
the sextant. Even in modern times, techniques involving parallax and coincidence imaging
are used to estimate range via triangulation in sea navigation and astronomy [1].
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However, most modern range-finding techniques utilized today involve active
elements in some regard and are more sensitive than older passive ranging strategies. In
active range-finding, a known signal is emitted and sensed by a detector upon return off
the target at range. Depending on the technique being implemented, various components
of the return signal are measured. Possible candidates are signal intensity, time of flight,
phase, color, polarization, etc.

From these measurements, distance information is

calculated based on theory and analysis of the collected data [2-7]. Each of these ranging
methods have their own strengths and weaknesses, but all rely on active elements.
In some cases, however, a passive, cooperative strategy not involving emitted and
returning signals is preferable. To our knowledge, the passive range-finding method
developed and implemented here is novel in concept.
More recently, some aspects of remote sensing, such as lateral position and
clocking, have been explored by inducing moiré effects. Moiré patterns have been used to
measure relative distance changes and orientation due to its high sensitivity [8-11]. These
techniques are mostly used with at least one pair of overlaid Ronchi gratings. The resulting
moiré pattern gives the information needed to back-out changes in position or rotation. In
contrast to previous work in this field, this effort is focused on studying moiré images of
targets with bilateral asymmetry, specifically binary amplitude fork gratings, placed at
range to extract the same information, as well as absolute and relative distance changes.
Such a method as this could find use in low size, weight, and power (SWaP) applications,
such as in unmanned aircraft system (UAS) guidance where range, pitch, and yaw control
are to be determined with minimal power [12]. Other potential applications include optical
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alignment monitoring for measuring and countering relative motion in an optical system
[13].
In this study, the definition of the target object is presented first, then theory for the
specific moiré imaging method being applied, and finally experimental results and analysis.
Ultimately, the goal is to develop a robust and simple ranging technique which can not
only be used in a wide variety of applications, but also performs equally as well, if not
better than, other commonly used passive and active ranging techniques.

Finally,

conclusions are made summarizing the study of this new ranging method as well as work
that could be explored in future efforts.
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Chapter 2

THEORY

This proposed range finding technique is founded upon two main concepts; the fork
grating and moiré imaging. Both will be explored individually as well as how they are to
be used together in order to ultimately provide distance information.
2.1 The Fork Grating
First, we explore the fork grating and its structure. A binary amplitude fork grating
is similar to a Ronchi grating except for the existence of a “fork” at the central fringe. At
the center of the pattern, the central fringe splits into an integer number of additional
fringes, or line-pairs. In this work, a binary amplitude fork grating will be simply referred
to as a fork grating, and the downward facing fork pattern will be considered the normal,
or default, orientation. This feature retains the horizontal symmetry also possessed by the
Ronchi grating but breaks the vertical symmetry. This additional structure is added
information which causes several interesting effects to appear not only in the spatial
domain but in the Fourier domain as well.
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Figure 2.1

Figure 2.2

A binary Ronchi grating with 20 line-pairs.

An ℓ = 1 binary fork grating with 20 line-pairs.

5

The fork grating can be described mathematically as [14]

𝑓𝑓𝑔 (𝑥, 𝑦) = 𝑠𝑔𝑛 {sin (𝑥 ∙

2𝜋
𝑃

𝜋

− ℓ ∙ 𝑎𝑡𝑎𝑛2(𝑦, 𝑥) + 𝛾 2 )}.

(2.1)

The sgn is the sign function produces and output of 0 or 1 depending on the sign of
the argument such that 𝑠𝑔𝑛(𝑥) = 0 for 𝑥 ≤ 0 and 𝑠𝑔𝑛(𝑥) = 1 for 𝑥 > 0. The sign
function is responsible for producing the binary effect of the fork grating. If this was
omitted, the result would be a sinusoidally varying amplitude fork grating containing
greyscale values.
Additionally, P is the period of the grating and ℓ is the azimuthal mode number, or
topological charge number. This value determines the number of additional line-pairs
produced at the central fork and is typically an integer number. The number of addition
line-pairs in-turn affect the light passing through the grating by generating orbital angular
momentum (OAM) in the photons which are diffracted to the various orders. The ℓnumber describes the rate at which a photon carrying OAM rotates about the mean
propagation vector. The implications of light having OAM means that the wavefront not
only propagates in time, but also rotates in time about the mean propagation vector. It is
therefore not confined to the transverse plane but has an azimuthal component. Hence, the
name “azimuthal mode number”. It should also be noted that if the ℓ-number is negative,
the fork grating is inverted vertically so that the fork is now pointed upward. Note that
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atan2 is a function which modifies the arctangent values to produce phase values from
𝜋

inputs anywhere on the x-y plane. This accounts for phase values outside of the − 2 to

𝜋
2

range given by the arctangent and produces a continuous phase gradient from 0 to 2π. γ is
a modifier which prevents a discontinuity in contrast at the center of the grating; it is set to
0 or 1 depending on if the topological charge is even or odd, respectively.
Note that in the work we are not explicitly generating light with OAM. However,
the characteristics of light carrying OAM will be leveraged in analysis. Due to the fork in
the central fringe of the grating breaking symmetry, there is an asymmetry in the frequency
domain as well. The Fourier Transform (FT) of a fork grating produces equal but opposite
amounts of OAM in each ±n diffraction order. This means each vortex pair rotates in
opposite direction. Furthermore, since illuminating a fork grating with light carrying OAM
alters the diffracted order beams’ OAM - each beam has the sum of the OAM generated by
the fork grating and the OAM introduced by the incident light - one can similarly alter the
fork grating FT by numerically diffracting a simulated wavefront with an azimuthal mode
number equal to that of the grating. For example, the negative diffraction order produced
by the grating can sum to zero (ℓ = -1 from diffraction and ℓ = + 1 from the incident beam)
which will effectively shift the zero-order location in frequency space.

The other

diffraction orders will also take on the same amounts of ℓ = +1 OAM. This makes it
possible to differentiate the handedness of the FT orders. This reveals which side of the
spectrum the diffraction order falls which will be important for analysis of moiré images
of fork gratings. These distinctions are not available with the use of Ronchi gratings which
have no asymmetry.
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2.2 Moiré Imaging
The moiré effect takes place whenever two or more periodic patterns are overlaid
on top of one another, although, this is not always visible to the viewer. The strength of
the moiré pattern is a function of the spatial frequencies of the original patterns and how
they relate to each other. These simple moiré effects can sometimes be seen in everyday
life, for example, when viewing multiple sections of a fence or gate which intersect one
another according to the viewer’s field of view. In this case, the periodic structure is the
gate and the multiple layers are the gate at different distances from the observer. Often,
there is a slight difference in observed spatial frequency of the gate due to part of it being
further away. This will affect the moiré pattern seen by the viewer.
Mathematically speaking, the multiplication of two periodic functions produces a
new function with different periodic properties than the originals [15]. The resulting moiré
pattern changes as a function of relative changes between the original patterns and so is
often used as a measure of those changes. It was mentioned that differences in spatial
frequencies of two patterns can generate a moiré image. However, other relative difference
between patterns, such as rotation, will also produce unique moiré effects Below is an
example of a moiré pattern that emerges from the multiplication of two Ronchi gratings
where one has been rotated by 7°.

8

Figure 2.3
a) A Ronchi grating; b) the same Ronchi grating rotated by 7°; c) the
product of the two produces a moiré pattern not found in either of the original patterns.

Moiré imaging is a special case of moiré pattern generation. This occurs when a
periodic pattern is imaged by a periodic detector, such as a square grid array of pixels. The
image produced by this detector could show additional moiré effects beyond the ones
generated by the pattern themselves. If this is the case, this image will not accurately
represent the periodic function that was imaged but display additional periodic features.
When dealing with moiré images, one pattern that is always present is the sampling
pattern. Whether this is a pixelated detector, human eye, or computer screen, each
represents a pattern which has the potential to affect the final image. In fact, most of the
time there will be multiple layers of sampling occurring simultaneously. For any observer,
the last layer is the eye. But what about before? A computer screen has a fixed resolution,
programs will downsize certain images, and printers have their own resolution limitations
base on their dots per inch (DPI). Ideally, each of these layers have sufficient sampling
resolution as to accurately reproduce the intended image. This is not always the case. The
author mentions these effects as more than once during the research and presentation of
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this topic, various moiré images were generated which were not intended. Special care has
been taken in this work to given examples when possible that translate well to both the
screen and page. In cases where this is unavoidable, a note will be made in the text as to
avoid confusion.
In order to model mathematically the behavior of a moiré image, one needs a model
of the imaged pattern, in this case the fork grating, and the square grid detector itself. If
each pixel is thought of as a single-valued point detector, then the square grid array of these
detectors can be described as a two-dimensional array of delta functions. Because the twodimensions are independent of one another (e.g. X and Y directions), they are also
separable. Taking each of these dimensions separately then yields a one dimensional array
of equally spaced delta functions. This is commonly known as a comb function [16].

𝑥

𝑐𝑜𝑚𝑏 (𝑋) = |𝑋| ∑∞
𝑘= −∞ 𝛿(𝑥 − 𝑋𝑘)
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(2.2)

Figure 2.4

The comb function.

Using this definition and the separability of the orthogonal comb functions
extending in the horizontal and vertical directions, the nailbed function can be written as

𝑥

𝑦

𝑛𝑏(𝑥, 𝑦) = 𝑐𝑜𝑚𝑏 (𝑋) 𝑐𝑜𝑚𝑏 (𝑌)

(2.3)

where the two linearly independent comb functions are multiplied together [16]. Here X
and Y are the pixel spacing in the x and y directions, respectively. We assume X = Y = pixel
pitch and ignore the finite pixel size by representing each pixel as a delta function.

11

Figure 2.5

The nailbed function.

In practice, modeling and analysis of the moiré image is more easily accomplished
in frequency space, which is accessible through the Fourier Transform [16].

∞

ℑ{𝑔(𝑥, 𝑦)} = ∬−∞ 𝑔(𝑥, 𝑦)𝑒 −𝑖2𝜋(𝑓𝑋𝑥+𝑓𝑌𝑦) 𝑑𝑥 𝑑𝑦 = 𝐺(𝑓𝑋 , 𝑓𝑌 )

(2.4)

The Fourier Transform is the basis of Fourier analysis, which is used in a variety of
fields, including optics. Of particular interest for this application is the Convolution
Theorem of Fourier analysis. The Convolution Theorem states that the convolution of two
functions in the spatial domain is equivalent to the multiplication of those functions’ FT in
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the frequency domain. It is also true that the multiplication of two functions in the spatial
domain is equivalent to their FT’s convolution in the frequency domain [16].

ℑ{𝑔(𝑥, 𝑦) ∙ ℎ(𝑥, 𝑦)} = 𝐺(𝑓𝑋 , 𝑓𝑌 ) ∗ 𝐻(𝑓𝑋 , 𝑓𝑌 ) =
∞

∬−∞ 𝐺(𝑓𝑋 , 𝑓𝑌 ) ∙ 𝐻(𝜉 − 𝑓𝑋 , 𝜂 − 𝑓𝑌 )𝑑𝑓𝑋 𝑑𝑓𝑌

(2.5)

It is this latter case we are interested in as the moiré image we seek to study results
from the multiplication of two patterns, namely the square grid detector and the fork
grating. Given Equation (2.5), we must know the FT of each component.
The FT of the nailbed function representing the square grid detector is a scaled
version of that nailbed function. This follows from the known definition of the comb
function’s FT [16].

𝑥

ℑ {𝑐𝑜𝑚𝑏(𝑋)} = |𝑋|𝑐𝑜𝑚𝑏(𝑋𝑓𝑋 )

(2.6)

Recalling the two dimensions of the nailbed function are separable (i.e. each
function only depends upon one of the independent variables), the FT of the multiplied
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comb functions in the x and y directions can be taken as the product of each separate comb
function’s FT. Because the two comb functions are separable, we do not have to use the
Convolution Theorem. Applying this yields the FT of the nailbed function [16].

𝑥

𝑦

ℑ{𝑛𝑏(𝑥, 𝑦)} = ℑ {𝑐𝑜𝑚𝑏 (𝑋) 𝑐𝑜𝑚𝑏 (𝑌)} = |𝑋𝑌| ∙ 𝑐𝑜𝑚𝑏(𝑋𝑓𝑋 ) ∙ 𝑐𝑜𝑚𝑏(𝑌𝑓𝑌 )

(2.7)

The FT of a fork grating is much more difficult to describe analytically. For its FT,
we will rely on the result of the two dimensional Fast-Fourier Transform (FFT). The FFT
discretizes a pattern and performs the FT of that pattern numerically. The output of the
FFT produces both amplitude and phase information. From here on, the FFT will simply
be referred to by FT since it is an alternate way of describing frequency information.
The FT of a fork grating produces a spectrum similar in behavior to that of a Ronchi
grating, except with a significant difference. The similarity lies in the production of a zero
order along with the ± odd orders from a binary grating at 50% duty cycle. The difference
is in the shape of the orders. As mentioned above, the photons diffracted by the grating
carry OAM. This means the photons rotate around the mean propagation vector which
produces a twisting wavefront profile with varying number of leading edges depending on
the ℓ -number. These leading edges also dictate the number of discontinuities in the
wavefront phase profile as the phase goes from 0 to 2π. The discontinuities cause the wave
to deconstructively interfere with itself at the center of the propagating beam. As a result,
this phase singularity nullifies the amplitude at this location which produces a toroidal, or
14

donut, shaped beam profile. It is this shape that we see at the locations of the orders for
the fork grating FT [17].

Figure 2.6
a) ℓ = 1 OAM beam amplitude, b) ℓ = 2 OAM beam amplitude, c)
wavefront of an ℓ = 1 OAM beam, d) wavefront profile of an ℓ = 2 OAM beam.
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Figure 2.7

2

1

0

+
1

+
2

+3

The FT of an ℓ = 1 fork grating (shown in log-scale for visibility). Inset is
a close-up showing the central null-point of the +1 diffraction order.

Given these results, we can expect the convolution of the fork grating’s FT with the
square-grid detector’s FT to replicate the fork grating diffraction pattern seen in Figure 2.7
at each location of the delta functions produced from the detector. This is due to the nature
of the delta function (i.e. an idealized point with a total area of one). The multiplication of
some function g(x) by the delta function is simply equal to the original function’s value at
the location of the delta function. However, the convolution of a function g(x) with the
delta function produces the function g(x) shifted by the displacement of the delta function
from the origin.
So, an imaged fork grating is the product of the fork grating and the square grid
detector pattern at the object plane. In frequency space, this is equivalent to the FT of the
fork grating convolved with the FT of the detector pattern. There are two important
16

frequencies to note; the fundamental frequency of the fork grating (𝐹𝑓𝑔 ) and the frequency
of the nailbed (𝐹𝑛𝑏 ). Both will play a role in determining the moiré image. If the nailbed
frequency is low enough compared to that of the fork grating spatial frequency, a moiré
pattern will occur. How low? That will largely depend on the optics used to image the
grating. For now, let us consider the case where neighboring fork grating spectra overlap
in frequency space. When 𝐹𝑛𝑏 < 2 x 𝐹𝑓𝑔 a moiré pattern occurs, and a beat frequency is
generated that is lower in spatial frequency than that of the original fork grating. This beat
frequency is described as

𝐹𝑏𝑒𝑎𝑡 = 𝐹𝑛𝑏 − 𝐹𝑓𝑔 .

Figure 2.8

Graphical representation of convolution in frequency space.
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(2.8)

Figure 2.8a) shows the frequency domain of an ℓ = 1 fork grating. Figure 2.8b)
shows a portion of a nailbed function’s frequency domain in the x-direction reduced to one
delta function on either side of the center for simplicity. Figure 2.8c) shows the resulting
convolution of parts a) and b). The original (black) spectrum is still present, but when the
spectrum is repeated at the location of the two delta functions, a new spatial frequency
𝐹𝑏𝑒𝑎𝑡 appears. The spectrum reproduced for the blue delta function produces the blue
diffraction orders and likewise for the orange delta function and diffraction orders. Note
that the color difference is purely instructional and used for ease of distinguishing
frequency characteristics after convolution.
2.3 Simulation
With the mathematical background of both the fork grating and the moiré imaging
process in place, several simulations are now presented in order to visualize these effects.
Additional theory is developed as well as the mathematical structure of the demonstrated
behavior. These will be useful in illuminating the nature of the moiré images generated in
experimentation, and ultimately, how to understand them in terms of extracting distance
information.
2.3.1 Orientation
For a simulation, consider an ℓ = 1 fork grating with 10 line-pairs and its FT. In
the following simulation examples, frequency variables have units of line-pairs as the
physical size of the simulated grating does not impact the outcome and can be assigned
arbitrarily.
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Figure 2.9

a) An ℓ =1 fork grating with 10 line-pairs, b) its FT showing the 0, ± 1, ±
3 orders in log-scale.

Notice that the FT of the binary fork grating includes higher orders beyond the 0
and ± 1. This image has been cropped just outside of the ±3 diffraction orders. Now we
choose a nailbed function with equal spacing in the x and y directions. We will set the
spatial frequency of the nailbed to 15, or 1.5 times that of the fork grating. This should
produce a beat frequency below that of the original grating.
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Figure 2.10

a) The nailbed pattern in frequency space, b) The frequency domain after
convolution with the fork grating spectra.

With the final frequency space description available, all that remains is to take the
inverse FT (IFT) to see what the resulting moiré image will look like. Doing so produces
the following:
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Figure 2.11

The moiré image after convolution.

Here we see a completely different fork grating. Note that a conical low-pass filter
analogous to an imaged Modulation Transfer Function (MTF) was applied in frequency
space after convolution. The low-pass filter decreased linearly from a value of one at the
origin to a value of zero at 𝐹𝑛𝑏 . This was used to simulate an optical system’s limitation
which suppress higher frequencies. The first difference between the original grating and
the moiré image is the number of line-pairs. The moiré image has five line-pairs instead
of ten. This is the beat frequency. Recall from Equation (2.8) that 𝐹𝑏𝑒𝑎𝑡 = 𝐹𝑛𝑏 – 𝐹𝑓𝑔 = 15
– 10 = 5. Also, the orientation has changed as the fork discontinuity has reversed and is
now pointing upward. Earlier we stated that if the ℓ-number was negative, the fork grating
inverts to point upward. But how does the moiré image flip if in the frequency domain the
original fork grating diffraction pattern is simply replicated? This is due to the location of
the new beat frequency. Not only does convolution result in part of the neighboring
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diffraction pattern being at a lower spatial frequency than the fork grating itself, in this
case, it also places the -1 order on the right-hand side of the origin! Similarly, on the lefthand side of the origin, the replicated spectrum centered at the location of the –𝐹𝑛𝑏 places
its +1 order closer to the origin than the original -1 order of the grating. This results in an
inverted fork grating pattern.
Because OAM is a conserved quantity, the photons in the +1 order of a plane wave
diffracting through a binary fork grating carry an equal but opposite amount of OAM than
that of the -1 order while the central order has no OAM. This means the vortices spin in
opposite directions on either side of the zero order.
Furthermore, since illuminating a fork grating with light carrying OAM alters the
diffracted order beams’ OAM (i.e. each diffraction order has the sum of the OAM
generated by the fork grating and the OAM introduced by the incident light) one can
similarly alter the fork grating Fourier Transform by numerically diffracting though a
simulated wavefront with an azimuthal mode associated with it. For example, a wavefront
with an azimuthal mode number of ℓ = +1 can alter the negative diffraction order produced
by the fork grating to sum to zero OAM (ℓ = -1 from diffraction and ℓ = + 1 from the
incident beam) which will effectively shift the zero order location in frequency space. The
other diffraction orders will also take on the same amounts of ℓ = +1 OAM from the
incident beam. This makes it possible to differentiate both the handedness of the FT orders
and their n values, which will be important for analysis of moiré images of fork gratings.
These distinctions are not available with the use of Ronchi gratings which have no
asymmetry and impart no OAM to its diffraction orders. For example, a Ronchi grating
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produces the well-known sinc2 profile at the gratings n diffraction order locations and only
vary in amplitude.
2.3.2 Contrast
The orientation of the fork grating is not the only varying characteristic of the moiré
image that can be analyzed for information about the system as a whole. The contrast of
the moiré image fork grating can also change. To properly understand changes in contrast
of the moiré image, we turn again turn to Fourier analysis. The Shift Theorem states that
a lateral shift in the spatial domain results in a phase shift in the frequency domain. The
converse is also true that a lateral shift in frequency domain results in a phase shift in the
spatial domain. This is the phenomenon that will be evident in moiré imaging.

𝐹{𝑔(𝑥 − 𝑎, 𝑦 − 𝑏)} = 𝐺(𝑓𝑋 , 𝑓𝑌 )𝑒 −𝑖2𝜋(𝑓𝑋𝑎+ 𝑓𝑌𝑏)

(2.9)

To illustrate, consider the example grating in Figure 2.9 except shifted laterally by
half a period to the left. The fork grating still has the same spatial frequency and the
imaging detector has the same sampling frequency of 𝐹𝑛𝑏 = 15. The same simulation
process as shown above is repeated with the new shifted grating. The shifted grating and
the resulting moiré image are shown below.
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Figure 2.12

a) the shifted fork grating by half a period, b) resulting moiré image.

Figure 2.12 shows that the moiré image has reversed contrast due to the shifting of
the imaged fork grating to the left by one half period. Note that the spatial frequency of
the moiré image grating is still the same as in the original, non-shifted simulation. The
moiré image is also shifted by the same amount as the original grating. The dislocation of
the printed grating will always be the center of all fork patterns in the image. If the shifting
is extreme enough to not capture the dislocation, or if a sub-sample of the grating is imaged
that does not include the dislocation, no fork patterns are generated, and the vortices present
in the frequency domain collapse. This example shows that the contrast of a moiré image
of a fork grating can be monitored to measure slight shifts in position of the grating relative
to the imaging camera.
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2.3.3 𝓵 -number
Another potential change in the moiré image that can be analyzed is that of a change
in ℓ -number. However, this only takes place with the use of a binary fork grating, as a
purely sinusoidal fork grating only produces the -1, 0, and +1 orders. When this is the case,
no amount of convolution and diffraction pattern duplication can create higher orders. As
shown in Figure 2.7, a binary fork grating will produce orders higher than ± 1, and it is
these orders which can change the appearance of the fork pattern in the moiré image. Two
things will determine whether or not the high order terms will appear in the moiré image;
intensity and location.
To illustrate the generation of higher diffraction orders and their intensities,
consider a binary Ronchi grating of 50% duty cycle. If this 50% duty cycle grating has a
slit width of ‘a’ and a period width of ‘b’, then b = 2a.

Figure 2.13

A Ronchi grating with slit width a and period b where b = 2a for a 50%
duty cycle grating.
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It is known that the intensity profile of the diffraction pattern from this grating is

2 𝑠𝑖𝑛(𝑁∙𝛼) 2

𝐼 = 𝐼0 (𝑠𝑖𝑛𝑐(𝛽)) (

𝑠𝑖𝑛(𝛼)

) ,

(2.10)

Where

1

𝛼 = 𝑘 ∙ 𝑎 ∙ 𝑠𝑖𝑛(𝜎)
2

(2.11)

And

1

𝛽 = 2 𝑘 ∙ 𝑏 ∙ 𝑠𝑖𝑛(𝜎).

(2.12)

Here, N is the number of slits, 𝜎 is the diffraction angle, and k is the wavenumber
2𝜋⁄𝜆. The first term involving β is due to diffraction, while the second term which involves
α is due to interference from the multiple slits [18]. The overall intensity profile is shown
below.
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Figure 2.14

Intensity profile from a Ronchi grating (blue) and the diffraction term
(orange) suppressing higher orders’ intensity.

The above figure shows that the sinc2 functions that should be in place at (𝛼/π) = ±
2, 4 are gone. This is due to the b = 2 x a relationship. In this case, all even-numbered
orders will be canceled by the diffraction term so only odd-numbered orders will appear.
This is why Figure 2.7 shows the 0, ± 1, ± 3 orders but the ± 2 orders are not visible. (In
some cases, there may be a trace amount of the even orders visible. This would be due to
the discrete and imperfectly sampled representation of a true 50% duty cycle grating.)
Higher odd-numbered orders exist, but their intensities are greatly diminished by the
diffraction sinc2 term. This will also diminish their visibility in the moiré image, and they
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will likely not be seen. It is worth noting how the generation of higher orders is affected
by fork gratings of higher order. So far, we have only considered the case of an ℓ = 1 fork
grating and how it produces odd-numbered diffraction orders. But what if we start with an
ℓ =2 fork grating? In what location and what ℓ-number should we expect to see in the
frequency domain? The location, as we explore below, will not be affected. The ℓnumbers will change, however. For an ℓ = 2 fork grating, the ± 1 orders will show an ℓ =
2 vortex. Again, the second order will be canceled by the diffraction term, and the next
visible order will be the third. In this location will be an ℓ = 6 vortex. Therefore, the fork
grating ℓ -number acts as an integer multiplier to the ℓ -number associated with the vortex
at a given order’s location.
Now consider the effect on diffraction order location due to a change in the ℓnumber of a fork grating. A 50% duty cycle binary fork grating behaves the same way as
a 50% duty cycle Ronchi grating in terms of placement of the diffraction orders. So, instead
of the peaks of the sinc2 profiles indicating the grating spatial frequency for a Ronchi
grating, the null point of the vortex indicates the spatial frequency of a fork grating.
Higher diffraction orders can, in some cases, alter the ℓ-number of the resulting
moiré image of a fork grating. These higher orders must be “dominant” in frequency space.
Here, “dominant” means being the feature in frequency space most closely located to the
origin (i.e. has the lowest spatial frequency). This means that a higher order from a
duplicated spectrum must be located at a lower spatial frequency than the fundamental
frequency of the fork grating itself, 𝐹𝑓𝑔 , in order to be seen in the moiré pattern. As
mentioned before, amplitude must also be considered. Even though a higher order pattern
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may fall in this space, its amplitude may be so low as not to noticeably effect the moiré
image.
As an example, let us revisit the ℓ =1, 10 line-pair grating. In order to see what
should be an inverted ℓ = 3 fork pattern in the moiré image, the nailbed frequency must be
increased so the -3 order from neighboring spectrum produced by convolution falls in
between 0 and 10 line-pairs. So that the pattern is clearly visible, we want the ℓ = -3 fork
grating to have only 2 line-pairs. This places the nailbed frequency at 3x10 + 2 = 32 linepairs.
Considering higher orders requires a change in the equation for the beat frequency.
This can now be more fully described as

𝐹𝑏𝑒𝑎𝑡 = 𝐹𝑛𝑏 − 𝑛 ∙ 𝐹𝑓𝑔

(2.13)

where n is an integer.
Using the same method as earlier to simulate the generation of the moiré image, we
get the following results:
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Figure 2.15
a) The moiré image of an ℓ =1, 10 line-pair fork grating convolved at a
nailbed frequency of 32 line-pairs, b) a binary ℓ = -3, 2 line-pair fork grating.

The left-most image in Figure 2.15 shows the moiré image. Notice the original ℓ
= 1 pattern is still very much visible. But here its contrast has been modulated by the
presence of the ℓ = -3 pattern at a lower spatial frequency. Its contrast is also lower given
that its amplitude in frequency space is lower than that of the original ± 1 orders. This
example illustrates that the patterns in a moiré image can tell a lot about the location of the
nailbed frequency in frequency space. This is another advantage of the fork grating over
the Ronchi grating which has no asymmetries or unique diffraction orders to visualize or
measure.
2.3.4 Rotation
Another element of a fork grating moiré image that can be analyzed to gather
information about the relationship between the imager and grating pattern is rotation, or
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clocking. The relative rotation of the grating pattern to the imaging nailbed frequency is
also measurable in frequency space. However, the equations describing the relationship of
fork grating frequency, nailbed frequency and beat frequency are altered and become angle
dependent.
There are two possible rotations that can occur; the rotation of the fork grating or
the rotation of the nailbed pattern. As the nailbed pattern is the detector, even a rotation
of the detector will register as a rotation of the grating in the opposite direction. This is
due to the fact that the image produced by the detector is always relative to the detector
itself, which means in frequency space the nailbed pattern is never rotated. There are,
however, certain cases where the nailbed pattern can be made to rotate in frequency space
and used to make measurements. But in most cases, the relative rotation of the detector
and grating will show up as a rotation of the grating itself. Both types of rotation will be
studied below.
Let us again consider the ℓ = 1, 10 line-pair fork grating imaged by the original
nailbed frequency at 15 line-pairs. As the nailbed pattern is fixed and images the fork
grating relative to its orientation, we will rotate the fork grating and keep the nailbed
pattern stationary. Below, the fork grating is rotated by 12° before simulating the
expected moiré image.
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Figure 2.16

a) The fork grating rotated by 12°, b) the result of convolution between
the frequency spectrum of a) and a nailbed pattern (log scale).

Figure 2.17

The moiré image of a fork grating rotated by 12°.
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Here it is obvious that the moiré image is rotated at a different angle than the fork
grating. To see why, re-examine the frequency space after convolution.

Figure 2.18
Analyzing a) the frequency domain of a rotated fork grating after
convolution, b) original spectrum, c) duplicated spectra, d) moiré spectra.
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In Figure 2.18, the blue box in sub-figure b) highlights the original spectrum from
the original binary fork grating. The green boxes in b) show two spectra produced from
convolution. Here, the zero order of the reproduced spectra are located at the positions of
the delta functions after rotation. This alters the relationship of the orders produced by
convolution to the origin. Finally, d) shows a red oval that circles the most dominant moiré
pattern. In this case, it is the ± 1 orders from neighboring spectra, but now they are at an
angle that is different, and in this case greater, than that of the fork grating rotation. It is
this angled pattern that comes through in the moiré image shown in Figure 2.17.
In analyzing a moiré image of a fork grating, only the new rotation angle can be
directly measured. To calculate the original angle of relative rotation between the sensing
∗
grid and fork grating, we use what is known about the system, namely 𝐹𝑓𝑔 and 𝐹𝑏𝑒𝑎𝑡
, which

we define as the measured distance from the origin in frequency space to the diffraction
∗
order of interest. Note that 𝐹𝑏𝑒𝑎𝑡
is different from 𝐹𝑏𝑒𝑎𝑡 depending on the angle of rotation

and so is given a different designation. Letting the original angle of rotation be 𝜙1 and the
new angle of rotation be 𝜙2 , we can write

∗
𝐹𝑏𝑒𝑎𝑡
×sin(𝜙2 )

𝜙1 = sin−1 (

𝐹𝑓𝑔
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).

(2.14)

Figure 2.19
Analysis of the frequency domain after convolution of a rotated nailbed
pattern and the spectrum of a binary ℓ = 1, 10 line-pair fork grating.

Here we assume 𝜙1 ≤ ±90° and that we are tracking a ℓ = -1 diffraction order from
the first duplicated spectrum to the right of the origin. Other scenarios are possible, but we
start with the simplest and most likely case of fork grating moiré imaging analysis.
Depending on the relationship of 𝐹𝑓𝑔 and 𝐹𝑛𝑏 , the measured angle 𝜙2 is greater than that
of the fork grating rotation angle 𝜙1 . This suggests experiments could be designed such
that small rotations of a fork grating could be sensed more easily by measuring the angle
of the moiré image of the grating.
Due to the relative rotation of the grating, we need a new expression that relates the
measured beat frequency, the grating frequency, and the nailbed frequency. Figure 2.19
shows that a triangle can always be drawn between three points: the origin, the nailbed
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frequency, and the diffraction order from which we measure the beat frequency. Using
Equation (2.14), two of the angles of that triangle are known. This leaves the last angle to
be

𝜃1 = 𝜋 − (𝜙2 + 𝜙1 ).

(2.15)

Here it is helpful to reference the Law of Cosines which states that the three legs of a
triangle 𝐿1 , 𝐿2 , and 𝐿3 follow the relationship

𝐿21 + 𝐿22 − 2𝑎𝑏 cos(Ω) = 𝐿23 .

(2.16)

which is a generalized version of the Pythagorean Theorem for non-right triangles. For
∗
∗
this situation, 𝐿1 = 𝐹𝑏𝑒𝑎𝑡
, 𝐿2 = 𝐹𝑓𝑔 , 𝐿3 = 𝐹𝑛𝑏 , and Ω is the angle between 𝐹𝑏𝑒𝑎𝑡
and 𝐹𝑓𝑔 , or

𝜃1 . Therefore, the unknown nailbed frequency can be solved for using

∗2
2
∗
𝐹𝑛𝑏 = √𝐹𝑏𝑒𝑎𝑡
+ 𝐹𝑓𝑔
− 2𝐹𝑏𝑒𝑎𝑡
𝐹𝑓𝑔 cos(𝜃1 ).
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(2.17)

Note that Equation (2.17) is equivalent in evaluation to Equation (2.13) when θ =
π, i.e. when no rotation has occurred, and all three points of the triangle used to derive
Equation (2.17) lie one the horizontal axis.
Now consider the rotation of the nailbed pattern with a stationary fork grating. Let
us again use an ℓ = 1, 10 line-pair fork grating imaged by the original nailbed frequency at
15 line-pairs. This time, the nailbed pattern will be rotated by 12° before simulating the
expected moiré image.

Figure 2.20

a) The nailbed pattern rotated by 12°, b) the result of convolution between
the frequency spectrum of a fork grating and the a) (log scale).
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Figure 2.21

The moiré image of a fork grating as imaged by a nailbed which has been
rotated by 12°.

Here it is obvious that the moiré image is rotated at a greater angle than the nailbed
pattern. It is also a different result than shown in Figure 2.17 where the fork grating is
rotated but the nailbed is stationary. Let us again examine the result of convolution in
frequency space.
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Figure 2.22
Analyzing a) the frequency domain of a fork grating and rotated nailbed
after convolution, b) original spectrum, c) duplicated spectra, d) moiré spectra.

Now consider the frequency space of the convolution of a fixed fork grating and a
rotated nailbed. Sub-figure b) of the above figure highlights the original spectrum from
the original binary fork grating. The green boxes in c) show two spectrums produced from
convolution. Here, the zero order of the reproduced spectra are located at the positions of
the delta functions after rotation. This alters the relationship of the orders produced by
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convolution to the origin. Finally, d) shows a red oval that circles the most dominant moiré
pattern. In this case, it is the ± 1 orders from neighboring spectra, but now they are at an
angle that is greater than that of the nailbed frequency. It is this angled pattern that comes
through in the moiré image.
We also get a new relationship between the original rotation angle 𝜙1 and the
measured rotation angle 𝜙2 as compared to the previous example. Under the conditions
where the nailbed pattern has rotated and the fork grating has not, the relationship is defined
as

∗
𝐹𝑏𝑒𝑎𝑡
×sin(𝜙2 )

𝜙1 = sin−1 (

𝐹𝑛𝑏

).

(2.18)

Figure 2.23
Depiction of the rotation angles associated with the frequency domain of
a moiré image between a fork grating and rotated nailbed pattern.
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We can use the same three points as before to define a triangle from which to
calculate 𝜙1 . Notice that 𝜙1 is now a function of 𝐹𝑛𝑏 as it is the nailbed function that has
rotated and not the fork grating. As such, solving for 𝐹𝑛𝑏 will not be as simple as a fork
grating rotation. Here, Equation (2.25) is only valid for 𝜙2 ≤ 90° at which point the ±1
orders from the neighboring diffraction patterns switch sides across the origin. This would
result in an inversion of the fork dislocation orientation as shown previously. As 𝜙2 is a
magnification of 𝜙1 and 𝜙2 ≤ 90°, there is a limit for measuring ± 𝜙1 using Equation (2.25).
This suggests the equation is best used for calculating small changes in relative rotation
between the detector and the grating pattern.
There is also a magnification of 𝐹𝑏𝑒𝑎𝑡 associated with nailbed rotation. The beat
frequency is measured from a duplicated diffraction order produced by under-sampling the
fork grating. When the grating rotated, the diffraction orders rotated around the delta
function located at the spatial frequency of the nailbed function. When the nailbed function
rotates, the diffraction orders do not rotate with respect to the delta function of the nailbed
but do rotate with respect to the origin in frequency space. As the nailbed function rotates,
the diffraction orders rotated with the same trajectory but shifted from the origin in
frequency space by the spatial frequency of the fork grating, 𝐹𝑓𝑔 . For example, the -1 order
will rotate about an origin located at −𝐹𝑓𝑔 as shown below.
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Figure 2.24
Image showing the trajectories of the duplicated fork grating spectrum
due to convolution (other frequency space features have been removed for clarity).

In the above figure, the blue line shows the circular path of the zero order located
at the nailbed frequency. The solid black line shows the circular path of the -1 order as it
follows the 0 order. The dashed black line shows what would be the path of -1 order if
𝐹𝑏𝑒𝑎𝑡 remained constant. The path that the -1 order takes is not a constant distance from
the origin and therefore is a function of the rotation angle. This occurs because the entire
duplicated spectrum is rotated about the origin at a radial distance equal to the nailbed
frequency. Each feature of that spectrum is then rotated about a point that is offset from
the origin the same amount and direction as it is offset from that spectrum’s zero order.
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So, as the angle of rotation increases, the magnification of 𝐹𝑏𝑒𝑎𝑡 from the true value also
increases.
∗
The relationship between 𝐹𝑏𝑒𝑎𝑡
and 𝐹𝑏𝑒𝑎𝑡 when the nailbed pattern is rotated will

be a function of the rotation angle 𝜙1 , which is itself a function of 𝜙2 , 𝐹𝑓𝑔 , and 𝐹𝑛𝑏 . 𝐹𝑓𝑔 is
known, 𝜙2 is measured, and 𝐹𝑛𝑏 can be calculated as shown below. We can again use the
Law of Cosines to find the expression for the unknown value 𝐹𝑛𝑏

∗2
2
∗
𝐹𝑛𝑏 = √𝐹𝑏𝑒𝑎𝑡
+ 𝐹𝑓𝑔
− 2𝐹𝑏𝑒𝑎𝑡
𝐹𝑓𝑔 cos(𝜃2 )

(2.19)

where the angle between the beat frequency and fork grating is

𝜃2 = 𝜋 − 𝜙2 .
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(2.20)

Figure 2.25

∗
Diagram showing the relationship between 𝐹𝑏𝑒𝑎𝑡
, 𝐹𝑓𝑔 , and 𝐹𝑛𝑏 as the
duplicated fork grating spectrum rotates around the origin.

The expression for the nailbed value is comprised of all known or measured values.
With 𝐹𝑛𝑏 solved for, Equation (2.25) can be used to calculate 𝜙1 which gives us the original
relative rotation between the grating and detector.
In the end, the expressions for the nailbed frequency for both the rotated
grating/fixed nailbed and fixed grating/rotated nailbed conditions have the same form, but
what changes is the definition of the angle 𝜃 and 𝜃2 , respectively.
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Chapter 3

INITIAL EXPERIMENTATION

According to the theory described above, moiré images of fork gratings can be
analyzed to give information about relative changes in orientation and lateral position. It
was also shown that the fork patterns that emerge from the moiré images can provide
information about the value of the nailbed frequency at the object. Recall that the nailbed
pattern of interest, as it is been defined here, is the projected image of the square grid
detector at the location of the grating. It is clear that the nailbed frequency is a function of
distance. Therefore, if a moiré image can be produced and the nailbed frequency can be
calculated, distance information can be extracted.

45

Figure 3.1

Basic diagram showing the magnification of the imaging array’s spatial
frequency at the object.

Figure 3.1 shows the basic concept behind extracting distance information. Here
we assume the effective focal length (EFL) of the imaging system is known. It will be
necessary to calculate the magnification, which will give us the estimation for distance.
The magnification of the system is

𝐷

𝑀 ≅ 𝐸𝐹𝐿 for 𝐷 ≫ 𝐸𝐹𝐿.

(3.1)

However, we also know that there is another relationship that defines the
magnification which is a function of the spatial frequency of the nailbed pattern at the

46

object and the pixel pitch (pp) of the detector used in the square grid imager. This ratio is
defined as

𝑀=

𝐿𝑓𝑔 [𝑚𝑚]
⁄
𝐹𝑛𝑏 [𝑐𝑦𝑐𝑙𝑒]
𝑚𝑚
2∙𝑝𝑝 [
]

(3.2)

𝑐𝑦𝑐𝑙𝑒

where 𝐿𝑓𝑔 is the horizontal length of the fork grating. Recall in the simulations above, the
physical size of the simulated grating was not relevant. Experimentally, we will need to
account for physical size of the grating and pixel spacing as shown in Equation (3.2).
Moving forward we will keep the frequency variables, like 𝐹𝑛𝑏 , with units of line-pairs as
they will correspond to the measured number of line-pairs, or line-pairs, counted in
frequency space from the FT.
Relating the physical horizontal length of the grating to the measured number of
nailbed line-pairs across the grating gives a combined unit of [mm/lp]. These units cancel
with the description of physical length per measurable line-pair at the detector, also with
units of [mm/lp], to give the unitless value of magnification. With these additional
equations, distance information can now be calculated. It is reasonable to assume that the
only unknown term in Equation (3.2) is 𝐹𝑛𝑏 as the fork grating physical characteristics are
known or measured and the detector specifications are available. So, it is 𝐹𝑛𝑏 which must
be solved for through analysis to measure distance.
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3.1 Experiment Components
For the following experiment, we use a 1280x1024 pixel, monochrome, CMOS
detector with a known pixel pitch of 5.2 μm which produces a sampling frequency 𝑓𝑋 =
96.15 [lp/mm]. A custom ℓ = 1 binary fork grating was made with a spatial frequency of
1 [lp/mm] and print resolution of 10,160 DPI and 25 μm minimum feature size. The grating
was designed in MATLAB and printed on photoplot film with a final size of 10 inches x
10 inches and 254 total line-pairs. The photoplot film itself is transparent while the grating
pattern is black. As we wished to image the grating with our detector, an approximately
Lambertian medium was needed as a background for the grating. Without it, whatever was
behind the photoplot paper would also be imaged and would interfere with frequency
analysis. After a few attempts to find a suitable material, a matte, ultra-white paint was
applied to the back of the photoplot film itself. This provided both an even reflection and
high contrast needed to make the needed measurements. A custom mount was also built
which included a frame for the grating and was attached to a goniometer used for rotation
adjustments. Lighting conditions of the grating consisted of spatially and temporally
incoherent room lights.
The optics used to image the grating were two 100 [mm] focal length Edmund
Optics achromats (Edmund Optics part number: EO47641) in contact. These lenses made
for a system with an EFL of 51.44 [mm]. The achromats were chosen over other imaging
lenses available as we could better characterize the lens system compared to lenses with
unknown properties. Additionally, a 10 [mm] pupil was placed approximately 60 [mm] in
front of the optics which set the 𝑓/# of the system to ~ 𝑓/5.
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Figure 3.2

Layout of the optical system produced by Zemax.

Figure 3.3 Custom fork grating on photoplot film. Inset is a close-up of the center to see
the orientation of the fork.
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3.2 Experiment Goal
The goal of the experiment is to image the fork grating in such a way that produces
a moiré image with different properties than the original. Then, using the theory developed
above, make measurements of that moiré image and use it to calculate the distance from
the detector to the grating. We can then compare our calculated distance to the known
distance for comparison.
In order to most clearly detect the moiré image, we wish to maximize contrast for
analysis by removing the original spectrum all together. In order for the moiré image to
only show characteristics as a result of moiré imaging, the nailbed frequency must be less
than the spatial frequency of the grating itself (i.e. 𝐹𝑛𝑏 ≤ 𝐹𝑓𝑔 ). This is highly unusual as
under-sampling is almost never desired due to the loss of information about the object! In
this case, however, we wish to use the fact that the moiré image contains information that
is useful in extracting distance information.

The moiré image of the grating has

information not found in the original which allows for this calculation.
First, we choose a known distance from which to place the grating from the imaging
detector. However, not any distance will suffice as for this experiment as we need to meet
the condition 𝐹𝑛𝑏 ≤ 𝐹𝑓𝑔 . Using Equations (3.1) and (3.2) and knowing the grating's spatial
frequency of 1 [lp/mm], the minimum distance in order to satisfy this condition can be
calculated by finding the distance where 𝐹𝑛𝑏 = 𝐹𝑓𝑔 . In this case, the magnification is spatial
frequency of the printed grating over the spatial frequency of the sampling detector, or
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1 [𝑚𝑚/𝑙𝑝]
2∙5.2𝐸 −3 [𝑚𝑚/𝑙𝑝]

= 96.15. The corresponding distance is the magnification times the EFL

of the imaging system, i.e. 𝑀 ∙ 𝐸𝐹𝐿 = 96.15 ∙ 51.44[𝑚𝑚] = 4945.96 [𝑚𝑚].
Placing the grating at a distance of about five meters and imaging it with our
detector and lens system will set 𝐹𝑛𝑏 nb = 𝐹𝑓𝑔 . However, we need 𝐹𝑛𝑏 ≤ 𝐹𝑓𝑔 , so a distance
greater than five meters is required. Six meters would do, but for convenience of
measurement on a long optical table with holes spaced every one inch, a distance of 20 feet
(6.1 m) is chosen. Because this distance is slightly greater than that of the minimum
required distance, we should expect to see an inversion of the fork pattern similar to what
was seen in the simulation examples above. This is due to the nailbed frequency decreasing
as distance increases (i.e. the pixel pitch is being magnified larger and larger as the grating
moves further away and is imaged). As this happens, convolution will reproduce the
original fork grating spectrum centered at the location of the nailbed delta function. When
𝐹𝑛𝑏 ≤ 𝐹𝑓𝑔 , as has been designed here, the -1 order from the reproduced spectrum will fall
to the right of the origin at a lower spatial frequency than 𝐹𝑓𝑔 , thereby inverting the
orientation of the fork pattern.
3.3 Experiment Simulation
Before we image the grating, we perform a simulation in an effort to model what
we should expect to see. Using the experiment parameters of the detector, optics, and
distance we calculate the spatial frequency of the moiré image of the fork grating to be 169
line-pairs over the length of the grating. This was done using equations for the angular
field of view and horizontal field of view expressed as
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1280∙𝑝𝑝

𝐴𝐹𝑂𝑉 = 2 ∙ tan−1 (

2∙𝐸𝐹𝐿

)

(3.3)

).

(3.4)

and

𝐻𝐹𝑂𝑉 = 2 ∙ 𝐷 ∙ tan (

Figure 3.4

𝐴𝐹𝑂𝑉
2

a) Ideal simulation of the custom binary fork grating when imaged at 20
feet. b) its Fourier Transform.
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The spectrum of the simulated moiré image shows a beat frequency of 321 - 212 =
169 line-pairs and an inverted fork pattern. Additionally, one cannot help but notice the
strong, low spatial frequency ℓ = 5 fork grating pattern appearing in the simulation
reminiscent of the ℓ =3 pattern appearing in the contrast simulation given in the previous
chapter. Should this be expected in the real image? If the image has perfect contrast over
all spatial frequency, yes. These simulations use perfect contrast gratings with values only
of 0 and 1. In reality, even a binary grating imaged with a monochrome detector will have
an element of gradation in contrast. Because we know the higher orders are a result of the
binary nature of the gratings, the same simulation with a pure sinusoidal pattern should
produce a moiré image free of the ℓ = 5 fork pattern. The results of such a simulation are
below.

Figure 3.5

a) Ideal simulation of the custom binary fork grating when imaged at 20
feet. b) its Fourier Transform.
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The sinusoidal amplitude grating is free of any higher order elements and only shows the
±1 diffraction order associated with the duplicated spectra from convolution. Again, the
beat frequency is measured to be 321 - 212 = 169 line-pairs.
3.4 Experiment Results
An optical table with > 20 foot length was used to mount the imaging optics in front
of the detector as well as the grating mount. The raw image of the grating at a distance of
~20

feet

from

the

detector

is

below.

Note

that

the

overall

𝐷𝑡𝑜𝑡𝑎𝑙 is 20 feet, meaning 𝐷𝑡𝑜𝑡𝑎𝑙 ≅ 𝐷 + 𝐸𝐹𝐿.

Figure 3.6

Raw image of the fork grating at a distance of 20 feet.
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length

Figure 3.7

Close-up and contrast enhanced version of the grating imaged at 20 feet.
The arrow points to the fork dislocation.

The image of the grating taken by the detector is in fact a pure moiré image! No
sign of the original spatial frequency remains, and the only beat frequency is visible which
shows the central fringe pointed upward. Analyzing the frequency spectrum of the moiré
image will tell us the measured beat frequency.
It is important to note that a convention is adopted to measure 𝐹𝑏𝑒𝑎𝑡 from the
negative diffraction orders belonging to duplicated spectra centered to the right of the
origin to the center of the frequency domain. To say this another way, we measure the
distance from the –n diffraction features generated by spectra centered at +m multiples of
the nailbed pattern to the natural zero order. And because our grating has bilateral
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asymmetry, it is possible to measure a negative value for 𝐹𝑏𝑒𝑎𝑡 enabling determination that
the negative diffraction order is on the left side of the origin, and that the moiré pattern is
in the default orientation with the fork pointing downward.

Figure 3.8

The FT of the moiré image. The highest amplitude feature in frequency
space is the beat frequency of 384-215 = 169 line-pairs.

The experiment shows a beat frequency of 169 line-pairs over the width of the
grating as predicted. This measurement verifies the model used in preliminary analysis.
Now to calculate the distance. In order to do so, the nailbed frequency must be known.
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Returning to Equation (2.13) and plugging in known values gives 𝐹𝑛𝑏 = 𝑛 ∙ 𝐹𝑔 + 𝐹𝑏𝑒𝑎𝑡 =
1 ∙ 254 + 169 = 423.
However, a value of 423 for the nailbed frequency cannot be right! A requirement
for this experiment was that the nailbed frequency be less than the spatial frequency of the
fork grating in order to ensure a pure moiré image. We must now take into account the
fact that we are not properly sampling the image.
In order to calculate the nailbed frequency under these conditions, we first
understand what happens in the frequency domain when the nailbed frequency is less than
the fork grating frequency. Clearly, we will not be able to properly sample any of the
original spectrum from the grating. However, a signal is still present due to moiré imaging
effects. When the nailbed frequency is less than the grating frequency, the imaged result
is what we will call a “pure moiré” image.
We know from the Convolution Theorem previously described that the original
spectrum of the fork grating is replicated and centered at the location of the nailbed
frequency. So far we have only considered the replicated patterns at the ± 𝐹𝑛𝑏 locations,
but in reality the spectrum is duplicated at each integer multiple of the nailbed frequency
(i.e. ± 𝑚 ∙ 𝐹𝑛𝑏 where m = 0, 1, 2,…).
To help visualize this scenario and keep track of all the changes happening in the
frequency domain, consider a grating with a sinusoidally varying amplitude. This will give
us a spectrum with delta functions only at ± 𝐹𝑓𝑔 which will reduce the number of features
to consider as we replicate it centered at integer multiples of the nailbed frequency. We
will adopt a numbering notation for each delta function as [m, n] where m is the indicator
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of which duplicate spectrum the feature originates (m = 0, ±1, ±2 …) and n is the indicator
of the diffraction order (n = 0, ±1, ±2 …) from the fork grating.

Figure 3.9
Illustration of diffraction orders in frequency space assuming an imaged
grating with sinusoidally varying amplitude which is barely over-sampled.

In Figure 3.8, The arrows pointing upwards represent +1 diffraction orders and the
arrows pointing downward represent -1 diffraction orders. Here the nailbed frequency is
slightly larger than the fork grating frequency, and we see the frequency domain spanning
the width of ±2𝐹𝑛𝑏 . The nailbed frequency defines the maximum spatial resolution
capabilities of the imaging camera, so it is the features within ±𝐹𝑛𝑏 that will be seen when
imaged. In this case, the original spectrum ([0,+1] and [0,-1]) is still resolvable, though
not properly sampled according to Nyquist’s theorem. When imaged, we should expect to
58

see a strong moiré effect from the [-1,+1] and [+1,-1] delta functions. Though they are
from two different replicas of the original spectrum, they are equally and oppositely spaced
from the origin. This case has been explored already. What we are now interested in is
what happens when the nailbed frequency is less than the fork grating frequency.

Figure 3.10 Illustration of diffraction orders in frequency space assuming an imaged
grating with sinusoidally varying amplitude which is barely under-sampled.

Figure 3.9 shows what we should expect to see in this case. Notice the similarities
to Figure 3.7 which shows the FT of the experimentally imaged grating. At most we can
determine location of the features and what diffraction order they are. However, from the
FT we cannot directly measure from which duplication the features originate. To say it
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another way, right now n can be directly measured from the grating FT, but m cannot.
Figure 3.9 now shows us that the dominant, inverted pattern that was imaged and shown in
Figure 3.6 is actually a result of the [+2,+1] and [-2,+1] delta functions which are
contributed from the spectra centered at ±2𝐹𝑛𝑏 .
How does this affect the measurement of 𝐹𝑛𝑏 ? Above, using Equation (2.13)
resulted in a calculation of the nailbed frequency that was larger than the fork grating
frequency, which we knew could not be correct. But, now having understood from what
duplicated spectra the measurement was taken, we can measure the real nailbed frequency.
Earlier we measured from what we now recognize as the [+2-1] order. Following Equation
(2.13) actually gives us the location of +2𝐹𝑛𝑏 , which is why the number we calculated was
too big. Adjusting for this gives us a new equation for the nailbed frequency of

𝐹𝑛𝑏 =

𝑛∙𝐹𝑔 + 𝐹𝑏𝑒𝑎𝑡
2

.

(3.5)

Equation (3.5) takes into account aliasing and reduces the nailbed frequency by half
for a final value of 211.5 line-pairs over the width of the grating and meets our condition
for 𝐹𝑛𝑏 < 𝐹𝑓𝑔 .
One cannot help but notice, however, that the circumstances which lead to the
adjustment of Equation (2.13) will happen again as the nailbed frequency continues to
shrink with respect to the fork grating frequency. Recall that the problem arose when the
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nailbed frequency could no longer properly sample, or became less than, the dominant
frequency of the grating. Originally this was the spatial frequency printed on the fork
grating. Now that our image is a “pure moiré” image, the dominant spectrum is one which
enters the ±𝐹𝑛𝑏 window as the last dominant spectrum leaves the same window. From
Figures 3.8 and 3.9, we see that the new dominant spectrum is from the [+2,-1] and [-2,+1]
orders. These are also the orders from which we make our measurements to calculate the
actual nailbed frequency.
The question then becomes at what point will the nailbed frequency no longer be
able to contain this new dominant frequency? After all, when this occurs our adjusted
Equation (3.5) will no longer be valid as we will be measuring some new feature which
originates from a different replicated spectrum. So, while Equation (3.5) will be accurate
for this experiment, we cannot say it is the general equation which will hold for any
circumstance.
To begin to formulate a generalized equation, notice that in the example above the
dominant features were a result of the m = ±2 duplications. Why not the m = ±1
duplications? That is because these appear within the nailbed frequency window of ±𝐹𝑛𝑏
while the true fork grating frequency can still be resolved. As such, they provide the faint
moiré pattern that can often be seen along with the dominant pattern. As long as the nailbed
frequency is greater than that of the fork grating frequency, we can use the diffraction
orders from the m = ±1 duplications to calculate the unknown nailbed frequency directly.
This is because our fork grating frequency stays constant even as the nailbed frequency
shrinks until the point is reached where 𝐹𝑛𝑏 < 𝐹𝑓𝑔 . Once this occurs, the dominant
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frequency changes as a function of the distance as it is not from the actual fork grating
spectrum, but an alias of it.
This general pattern continues as the dominant patterns originate from duplicates
of the fork grating spectrum centered at even numbered values of m, and the spectra
centered at odd numbered values of m produce the more subtle effects. This is important
because it is from these even duplications that we make our measurement of the nailbed
frequency. That is to say, according to this measurement convention, we will calculate
only even numbered multiples of the true nailbed frequency.
This knowledge helps us develop our general equation. Returning the above
example, we wish to know at what value the nailbed frequency becomes so small as to no
longer contain the dominant frequency from the m = ±2 spectrum duplications and a new
dominant frequency from a different duplicated spectrum appears. In this case, when the
-1 diffraction order from the m = 2 duplicated spectrum is equal to –𝐹𝑛𝑏 this condition is
met. Knowing that the -1 diffraction order belongs to the m = 2 duplication, we can write

∗
∗
−𝐹𝑛𝑏
+ 𝐹𝑓𝑔 = 2 ∙ 𝐹𝑛𝑏
.

(3.6)

∗
Here 𝐹𝑛𝑏
represents the unknown value of the nailbed frequency where this event
∗
will occur. Solving for 𝐹𝑛𝑏
gives a value of 𝐹𝑓𝑔 /3. From here on we will refer to these

locations of the nailbed function as Inversion Points because the incoming dominant
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spectra is inverted in orientation from the previous. So the first two Inversion Points occur
at |FI| = |𝐹𝑓𝑔 |, |(1/3) 𝐹𝑓𝑔 |. Something of a pattern begins to emerge, and it becomes clear
these points are a function of the fork grating frequency. To obtain a general equation for
the location of the Inversion Points, we can write

−𝐹𝐼,𝑘 + 𝐹𝑓𝑔 = (2 ∙ 𝑘) ∙ 𝐹𝐼,𝐾 𝑤ℎ𝑒𝑟𝑒 𝑘 = 0,1,2,3, …

(3.7)

or

𝐹𝐼,𝐾 =

𝐹𝑓𝑔
(2∙𝑘)+1

𝑤ℎ𝑒𝑟𝑒 𝐾 = 0,1,2,3, …

(3.8)

where K is the number of Inversion Points that have occurred. Now we can predict where
the Inversion Points will occur which is needed in order to accurately measure the nailbed
frequency (and ultimately the distance). Note that the above equation describes sampling
a pattern at 1/3, or less, than the resolution of the pattern itself. This is, in most cases,
impractical as the MTF of the optics will likely not be able to resolve the contrast at such
a distance. This information is useful however, as there are experiments which could be
designed to take advantage of this effect.
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Table 3.1

The results of Equation (3.8) displayed as a ratio of the Inversion Point
sampling frequency over the fork grating frequency.
𝑭𝑰,𝑲 /𝑭𝒇𝒈

K

Fractional Equivalent

0

1

1

1

0.3333

1/3

2

0.2

1/5

3

0.1429

1/7

4

0.1111

1/9

…

…

…

So how do we implement these Inversion Points? When under-sampling such that
the nailbed frequency is less than the fork grating frequency, one needs to know how many
of these inversion points have occurred in order to accurately calculate 𝐹𝑛𝑏 which is the
key to measuring distance. The first Inversion Point occurs when 𝐹𝑛𝑏 = 𝐹𝑓𝑔 and the FT of
this image will show the diffraction orders of the grating at the very edges of the resolvable
frequency domain (assuming only the grating is imaged). When sampling less than this,
the size of the frequency space will be less than the known spatial frequency of the grating.
We can use the size of the frequency space in pixels to measure how many inversion points
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have occurred. For example, if the size of the frequency space is less than 𝐹𝑓𝑔 but greater
than (1/3) 𝐹𝑓𝑔 , we know only one Inversion Point has occurred. Likewise, if the size of the
frequency space is less than (1/3) 𝐹𝑓𝑔 but greater than (1/5) 𝐹𝑓𝑔 , we know two Inversion
Points have occurred. Notice that this does not require an exact crop of the grating out of
the entire image either. Even a rough crop will suffice to indicate from which even
numbered duplicated spectrum the dominant frequency originates. If for some reason the
nailbed frequency is right on the line of an Inversion Point and there is some uncertainty
whether the nailbed frequency has crossed it or not, a quick look at the imaged grating will
indicate whether or not the Inversion Point has been crossed. Right before every Inversion
Point, the dominant grating frequency will be properly oriented with the +1 diffraction
order on the right side of the origin and a -1 diffraction order on the left side. This results
in a downward facing fork grating. However, right after each Inversion Point is crossed,
the dominant frequency is inverted and results in an upward facing fork.
There now seem to be two different equations that govern the location of the nailbed
frequency depending on the relationship between the nailbed frequency itself and the fork
grating frequency. In the first case, the nailbed frequency is greater than the fork grating
frequency and the image of the grating will contain some trace of the true fork grating
frequency, even if it is not properly sampled according to Nyquist. In this case, the nailbed
frequency is measured from the diffraction orders originating from the m = ±1 duplications,
and Equation (2.13) can be used. The other case occurs when the nailbed frequency is less
than the fork grating frequency and none of the true fork grating frequency is able to be
resolved. Now the dominant frequency is a result of aliasing, and changes as a function of
the distance as described above. To summarize,
65

𝐹𝑛𝑏 = 𝑛 ∙ 𝐹𝑓𝑔 + 𝐹𝑏𝑒𝑎𝑡 , 𝑘 = 0

(𝑖. 𝑒. 𝐹𝑛𝑏 ≥ 𝐹𝑓𝑔 )
(3.9)

𝐹𝑛𝑏 =

{

𝑛∙𝐹𝑓𝑔 +𝐹𝑏𝑒𝑎𝑡
2∙𝑘

, 𝑘 = 1,2,3, … (𝑖. 𝑒. 𝐹𝑛𝑏 < 𝐹𝑓𝑔 ).

Keep in mind that 𝐹𝑛𝑏 is the variable which is needed to solve for distance. All the
other terms in Equation (3.9) are either known experimental parameters or directly
measured values. With Equation (3.9) in place, we can now proceed to calculating distance
information.
For the case where 𝐹𝑛𝑏 ≥ 𝐹𝑓𝑔 , m =1 and where 𝐹𝑛𝑏 < 𝐹𝑓𝑔 , m = 2k. Returning to the
experiment calculation, we can see that Equation (3.5) is in agreement with Equation (3.9)
as only one Inversion Point has been crossed (k = 1). The nailbed frequency has been
measured to be 211.5 line-pairs, and we recall Equations (3.1) and (3.2) to calculate the

distance.

Therefore, the system magnification is 𝑀 =

𝐿𝑓𝑔 [𝑚𝑚]
⁄
𝐹𝑛𝑏 [𝑙𝑝]
𝑚𝑚
2∙𝑝𝑝 [
]
𝑙𝑝

=

254⁄
211.5
2∙5.2𝐸 −3

=

115.48, and the measured distance is 𝑀 ∙ 𝐸𝐹𝐿 = 115.48 ∙ 51.44 [𝑚𝑚] = 5940.29 [𝑚𝑚].
Keep in mind that the 𝐷𝑡𝑜𝑡𝑎𝑙 is equal to 6096 [mm] ±5 [mm]. The distance calculated
above is for the length from the first principle plane of the lens system to the grating itself.
So, the theoretical value for D needed for error analysis is the total length minus the sum
of the EFL and the distance between principle planes (17 [mm]). The appropriate measured
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distance is 6069 [mm] – (51.44 + 17) [mm] = 6000.56 [mm] yielding an error of 6000.56
[mm] – 5940.29 [mm] = 60.27 mm, or an ~1% absolute distance measurement error.
At this point, and equation describing the error of this analysis method is necessary
for comparison to the experimental value. As 𝐹𝑛𝑏 is the determining value in calculating
a distance D, we need an equation that describes the distance in terms of the nailbed
frequency. This can be done by combining Equations (3.1) and (3.2) as

𝐷=

𝐿𝑓𝑔 ∙𝐸𝐹𝐿
2∙𝑝𝑝∙𝐹𝑛𝑏

.

(3.10)

Using error analysis to solve for the change in distance per change in nailbed frequency
measurement gives

𝐿𝑓𝑔 ∙𝐸𝐹𝐿

∆𝐷 = − 2∙𝑝𝑝∙(𝐹

𝑛𝑏

2)

(∆𝐹𝑛𝑏 ).

(3.11)

With the parameters of this experiment with the grating at 20 feet, the expected error per
change in nailbed frequency is
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∆𝐷 =

254[𝑚𝑚]∙51.44 [𝑚𝑚]
2∙5.2𝐸 −3 [

(1[𝑐𝑦𝑐𝑙𝑒]) = 28.09 [𝑚𝑚].

𝑚𝑚
]∙(211.5 [𝑙𝑝]2 )
𝑙𝑝

The initial experiment showed a little under three pixels worth of error in measuring
the nailbed frequency. With a ΔD of about ± 1 inch per line-pair of error in 𝐹𝑛𝑏 , we decided
to move the grating back at increments of one inch given the design of our optical table.
We did so for a total of six inches. This was done as a measure of the distance measurement
techniques tracking of relative changes in distance. The photos were taken, and the same
analysis method used above was implemented to calculate distance.

Figure 3.11

Plotted results of the incremental distance change exercise.
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Table 3.2
ΔD
[mm]

Tabulated data from the relative distance measurement exercise.
Measurement
[mm]

ΔMeasurement
[mm]

Error
[mm]

Point-toPoint ΔD
[mm]

25.4

5982.5

42.4

17.0

42.4

50.8

6003.9

63.9

13.1

21.4

76.2

6036.4

96.3

20.1

32.5

101.6

6050.9

110.9

9.3

14.5

127.0

6072.9

132.8

5.8

21.9

152.4

6106.1

166.0

13.6

33.2

Figure 3.10 shows the results alongside the actual change in distance. There is a
DC bias in the measured data which only is relevant if absolute distance is of interest.
Given how the data is structured in Figure 3.11, the slope of the linear fit line would be
equal to one. Here we measure a slope of 0.944 and an R2 value of 0.9904. Overall, this
method tracks relative distance changes between the binary fork grating and the detector
with an average absolute error of 13.15 [mm].
Possible sources of error include deviations from equipment specifications such as
pixel pitch and lens focal length. The Edmund Optics lenses come with a ±2% tolerance
which would affect the absolute distance measurement accuracy, though not the relative
distance change measure. Other sources of error could arise from inexact movement of the
grating mount and inexact cropping of the grating from the image. Under conditions where
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the true fork grating frequency can be resolved, even if improperly according to Nyquist,
an inexact cropping of the grating can be accounted for. This is possible because the spatial
frequency of the fork grating is known. If the imaged grating is cropped such that a border
exists around the grating that contains no fork grating pattern, then the frequency space
will show a value for the frequency across the grating larger than that of the actual value.
This will affect the calculation for the nailbed frequency at the object plane because the
reference value of the fork grating frequency is modified. However, to resolve this
discrepancy is a matter of simple scaling. The scaling factor is the measured value for the
fork grating frequency over the known value. The measured beat frequency can also be
scaled by the same amount to get the proportionally correct value for this term. When 𝐹𝑓𝑔
and 𝐹𝑏𝑒𝑎𝑡 are properly scaled, the calculation of 𝐹𝑛𝑏 will also be properly scaled.
However, in the example above, the true fork grating frequency is not resolvable
by design! The grating was placed at such a distance as to only be able to detect a pure
moiré image of the grating. Here, the reference value is lost, and one cannot account for
inexact cropping without error. The only signatures detectable in the frequency domain
are the beat frequencies which varies as a function of distance. As such, any extra border
around the grating that does not contribute to the pattern will increase the measured value
of the beat frequency from the true value. In the analysis above, care was taken to crop the
grating as close as possible without loss of line-pairs. However, these were not exact and
contributed to distance measurement error.
3.5 Image Space Analysis
So far, analysis has been done assuming an object space perspective. All the
measurements have been made with the fixed reference being the fork grating itself and its
70

properties. In this case, the fork grating frequency is known, the beat frequency is
measured, and the nailbed frequency at the object is solved. It is this projected nailbed
frequency at the object plane which is used to ultimately calculate distance. Alternatively,
one can think about the system with the reference at the image plane, i.e. the detector. From
this perspective, the fixed value is the nailbed spatial frequency, the beat spatial frequency
is measured, and the value that is solved for is the spatial frequency of the fork grating after
being imaged at the detector. One can extract distance information using either method,
though each has advantages and disadvantages.
Recall using the object space method shown above that measured quantities in the
frequency domain were frequencies as opposed to spatial frequencies. The difference
being frequencies only provide a measure of line-pairs without reference to physical length.
As the fork grating is the reference value for object space analysis, the fixed value used to
calculate the magnified nailbed frequency at the grating is the number of line-pairs across
the grating. In this case, with a spatial frequency of 1 [lp/mm] across 254 mm, it is 254
line-pairs. When the nailbed frequency is solved, it too is in units of line-pairs, and only
after relating it to the known value of the physical length of the grating, 𝐿𝑓𝑔 , does the spatial
frequency of the magnified nailbed become known.
Thinking about the imaged data at the image plane, the reference then becomes the
nailbed spatial frequency as opposed to the fork grating frequency. One advantage of this
method of analysis as opposed to the object space method is the lack of need for precise
cropping even when imaging a pure moiré effect. Working in image space, the values in
our equation are now in units of [lp/mm] instead of just line-pairs. Rearranging Equation
(3.9) to solve for the fork grating spatial frequency at the image gives
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𝐹

𝑏𝑒𝑎𝑡
𝑛 ∙ 𝑣𝑓𝑔 = 𝑚 ∙ 𝑣𝑛𝑏 − 𝐶𝑆∙𝑝𝑝
.

(3.12)

Here, we designate spatial frequencies as v as opposed to F which represents
frequency in terms of purely line-pairs. Also, CS is the size of the cropped grating in units
of pixels, and pp is once again pixel pitch. m is the duplication order of the nailbed
frequency from which we measure, and n is the diffraction order. 𝑣𝑛𝑏 is a known value of
(2pp)-1 or 96.15 [lp/mm], 𝐹𝑏𝑒𝑎𝑡 will be measured as is CS, so 𝑣𝑛𝑏 can easily be calculated.
From the previous section, it is known that m = 2 due to not being able to resolve the fork
grating frequency. Equation (3.12) then describes the relationship between all the relevant
values in terms of spatial frequency. It is important to note that this method utilized slight
under cropping the imaged grating. By under cropping the grating, one ensures the entire
matrix to be analyzed is filled with the grating pattern. There is then no extra border to
affect the measurement of the beat frequency and an exact crop is not necessary. Using
this new equation, the same data was re-analyzed. The results are presented below.
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Figure 3.12

Result of image space analysis method.
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Table 3.3
ΔD

Tabulated data from the distance measurement exercise based on image
space analysis.
Measurement [mm]

[mm]

ΔMeasurement

Error [mm]

Point-to-Point
ΔD [mm]

[mm]

25.4

5993.9

5.8

-19.6

5.8

50.8

6022.5

34.4

-16.4

28.6

76.2

6048.0

59.9

-16.3

25.6

101.6

6079.1

91.1

-10.5

31.1

127.0

6099.8

111.8

-15.2

20.7

152.4

6127.3

139.2

-13.2

27.5

The average error of the image space method was slightly larger in magnitude that
the object space analysis at -15.20 [mm]. The linear fit line also has a higher R2 value for
the image space analysis method. These indicate the image space method has less variation
from measurement to measurement but is not as accurate in determining absolute distance
measures.
For image space analysis, magnification is measured as the ratio of the fork grating
spatial frequency to the known fork grating spatial frequency. In this case, the fork grating
was printed with a spatial frequency of 1 [lp/mm], so the magnification is simply the
calculated spatial frequency of the grating at the detector. Error analysis can be applied to
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find the change in distance one can expect to see as a result of an error in measuring the
beat spatial frequency since that is the value which is directly measured from frequency
space. The distance equation can be expressed as

𝐷= (

𝑣𝑓𝑔
𝐹
( 𝑓𝑔⁄𝐿

𝑓𝑔

) ∙ (𝐸𝐹𝐿) = (

)

𝐹
𝑚∙𝑣𝑛𝑏 − 𝑏𝑒𝑎𝑡
𝐶𝑆∙𝑝𝑝

𝐹𝑓𝑔
𝑛∙(
⁄𝐿

𝑓𝑔

)

) ∙ (𝐸𝐹𝐿).

(3.13)

Therefore, the change in distance with respect to the measured beat frequency 𝐹𝑏𝑒𝑎𝑡 is

∆𝐷 = − (

𝐸𝐹𝐿
)∙
𝐹𝑓𝑔
𝐶𝑆∙𝑝𝑝∙𝑛∙(
⁄𝐿 )
𝑓𝑔

(∆𝐹𝑏𝑒𝑎𝑡 ).

(3.14)

This shows that the term multiplied by the change in beat frequency contains mostly
constants except for n and CS which is the size of the cropped grating in pixels. As
expected, there is an inverse relationship between the errors in measurement of the distance
with the crop size. The greater the size of the imaged grating, the lower the change in
distance as a result of imperfect measurement. At twenty feet as in the example above, the
grating covered approximately one third of the full detector array. Plugging in the values
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for the constants in the experiment with n = 1 and Δ𝐹𝑏𝑒𝑎𝑡 = 1 produces a change in distance
of

∆𝐷 = − (

51.44 [𝑚𝑚]
𝑚𝑚
𝑐𝑦𝑐𝑙𝑒𝑠 )
]∙(254⁄254)[
]
𝑝𝑖𝑥𝑒𝑙
𝑚𝑚

413 [𝑝𝑖𝑥𝑒𝑙𝑠]∙5.2𝑒 −3 [

∙ (1[𝑐𝑦𝑐𝑙𝑒]) = −23.99 [𝑚𝑚].

This is a little lower but comparable to the error from the object space method found
to be 28.09 [mm]. Equation (3.14) also implies that, at 20 feet, one should expect to get a
three times increase in distance measurement error per one line-pair of error measurement
in the beat frequency due to CS being roughly one third the full pixel array width.
Ideally, one would like to fully fill the detector array as to maximize CS. However,
an object of fixed size will naturally fill less and less of an imaging array as it is moved
further away. Recall that the object-space analysis method leads to over-cropping the
imaged grating and accounting for this by proper scaling. With the image-space method,
minimal under-cropping is preferred if an exact crop cannot reasonably be made. This is
due to the reference being the detector spatial frequency in image-space analysis as
opposed to the fork grating spatial frequency. By under-cropping, however, one reduces
the number of line-pairs available for analysis.
Mathematically speaking, reducing the number of line-pairs across the grating
under analysis is equivalent to reducing N in Equation (2.10). N is the number of slits and
effects the width of the interference peaks that are modulated by diffraction. The peaks
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stay in the same location but are stretched out over more space. In fact, the width of the
principle maxima are

1

𝛼

𝑤𝑚𝑎𝑥 = 2 (𝑁) (𝜋).

(3.15)

So, with fewer line-pairs or slits to analyze, the interference peaks are wider and
dimmer in frequency space. This translates to a decreased sensitivity as it is from these
maxima that we measure, albeit they are in the shape of vortices and not sinc2 profiles.

Figure 3.13

a) Normalized intensity of a Ronchi grating with 10 slits. b) Normalized
intensity of a Ronchi grating with 5 slits.
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3.6 Comparison to a Standard Method
Now consider the more straight-forward method of calculating distance
information based on measuring the known size of an object in pixels. By measuring the
changes in the number of pixels across an object, a change in distance can be calculated.
We are interested in finding an equation describing the accuracy, or sensitivity, of this
method as a means of comparison to the moiré image based technique.

Figure 3.14

Conceptual image of the relevant parameters to calculating changes in
distance of an object with known size.
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The above figure shows the conceptual relationship between the height of the object
(2H) at the object plane and its height at the image plane (𝑁𝑝 ∙ 𝑝𝑝) where 𝑁𝑝 is the number
of pixels covered by the image of the object half-height H. Also important are the angular
extent (𝜎1 ) of the object at some distance D, and the angular extant (𝜎2 ) after moving some
distance dD. We wish to find the expression which describes the change in distance, dD,
with respect to a change in the number of pixels, 𝑁𝑝 , at the detector which image the object.
First, we define the angle 𝜎1 and its partial derivative with respect to 𝑁𝑝 .

𝑁𝑝 ∙𝑝𝑝

𝜎1 = tan−1 (

𝛿𝜎1
𝛿𝑁𝑝

𝐸𝐹𝐿

=

𝑁𝑝 ∙𝑝𝑝

)≅

𝐸𝐹𝐿

𝑝𝑝

(3.16)

(3.17)

𝐸𝐹𝐿

Next, a relation of the angular extent of the object and the distance is needed. Also
required is an expression of how the distance changes with change in the angle σ1. These
can be written as

𝐻

𝐻

tan(𝜎1 ) = 𝐷 → 𝐷 ≅ 𝜎

1
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(3.18)

and
𝛿𝐷
𝛿𝜎1

=−

𝐻

(3.19)

𝜎12

Using the Chain Rule, the relationship of the change in distance measured with
respect to the change in pixel count can be derived.

𝛿𝐷
𝛿𝑁𝑝

=

𝛿𝐷
𝛿𝜎1

∙

𝛿𝜎1
𝛿𝑁𝑝

=−

𝐻
𝜎12

∙

𝑝𝑝

(3.20)

𝐸𝐹𝐿

Substituting in for σ1 yields the final expression

𝛿𝐷
𝛿𝑁𝑝

=−

𝐻
𝑁𝑝 ∙𝑝𝑝 2
(
)
𝐸𝐹𝐿

∙

𝑝𝑝
𝐸𝐹𝐿
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=−

𝐻∙𝐸𝐹𝐿
𝑁𝑝2 ∙𝑝𝑝

.

(3.21)

Notice the similarity in form to the previous equation which describes the error in
the object space method (keep in mind that H is the half-width of the object in this example
where 𝐿𝑓𝑔 is the full width of the grating).

𝐿𝑓𝑔 ∙ 𝐸𝐹𝐿
𝛿𝐷
= −
𝛿𝐹𝑛𝑏
2 ∙ 𝑝𝑝 ∙ (𝐹𝑛𝑏 2 )

This indicates that, at the very least, the moiré image based ranging technique has
comparable sensitivity to changes in motion to any other passive, imaged-based ranging
method based on pixel counting.

However, the moiré image method changes the

measurement from the spatial domain to the frequency domain where it is often easier to
measure the location of the diffraction orders to within a pixel than the width of an object
to within a pixel. This is done by taking information over a large area of pixels within the
image and using the Fourier Transform to redistribute that information in a concise area,
namely the diffraction orders. Additionally, there are also ways of further improving the
sensitivity of the moiré-based analysis methods which are explored next.
3.7 Improving Performance
So far, two analysis techniques have been shown for getting both absolute and
relative distance measurements from moiré images of fork gratings. The object space
method assumes analysis is done with reference to the object plane, i.e. the fork grating.
We use the fork grating spatial frequency as the constant reference value and measure the
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magnified nailbed frequency of the detector after its projection through the imaging optics.
The second method was the image space analysis which assumes a reference point at the
image plane. Here we use the nailbed function as the reference value and measure the fork
grating spatial frequency at the detector after being imaged by the optics. Each approach
is valid as our main Equation (3.9) consists of parameters that are defined with respect to
difference reference planes. In order to extract distance information using this technique,
one must be transformed to be compared to the other.
One simple way of increasing the accuracy of the system is to average the results
of the two different methods. Both are comparable in accuracy and error and show a better
capability of measuring relative motion rather than absolute distance. When averaged,
however, relative distance measurement accuracy increases.

Figure 3.15

Averaged results of object space and image space analysis
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Table 3.4

Tabulated data from averaging the results of both object space and image
space analysis.
Measurement

ΔMeasurement

Error

Point-to-Point ΔD

ΔD [mm]

[mm]

[mm]

[mm]

[mm]

25.40

5988.18

24.11

-1.29

24.11

50.80

6013.19

49.12

-1.68

25.02

76.20

6042.20

78.13

1.93

29.01

101.60

6065.03

100.96

-0.64

22.83

127.00

6086.35

122.28

-4.72

21.32

152.40

6116.70

152.62

0.22

30.34

Averaging the object space and image space analysis techniques provides a more
accurate best-fit slope value of 0.9954, which is the average of the object space and image
space analysis at 0.944 and 1.0468 respectively. This represents a more accurate set of
relative distance measurements. The mean error of the averaged analysis method has been
reduced to -1.03 [mm] over the course of translation. This is evident as the averaged data
lies almost directly on top of the theoretical movement distances. Errors in placement of
the grating at each location will still introduce error in best-fit slope.
Aside from simple averaging, there is perhaps more that can be done to increase
sensitivity. Recall that the equation for 𝐹𝑛𝑏 contains several other terms within it, including

83

𝐹𝑓𝑔 and more importantly m and n. For image space analysis, we saw that the error in
distance measurement with respect to the measured variable 𝐹𝑏𝑒𝑎𝑡 was a function of
constants from the system along with CS and n. CS, the cropped size of the image, is
responsible for the loss in resolution in the frequency domain as it reduces the number of
line-pairs to be analyzed. As the grating is pushed further away, CS becomes smaller and
smaller.
However, one way to combat this loss of resolution is to measure the beat frequency
of the n = 3 diffraction order. For the case of our grating at 20 feet, the grating was imaged
to roughly one third the size of the pixel array. By measuring from the n = 3 order, the loss
of resolution from the decrease in CS would be compensated for by the n multiplier. The
measurement accuracy would then be as if the entire detector array was filled with a grating
of the same spatial frequency, i.e. effectively tripling the size of the grating! But, of course,
the grating does not change size. The effect is actually due to a magnification of movement
from the nailbed frequency of the higher order diffraction orders. The n multiplier of the
fork grating frequency means that for every line-pair the imaged fork grating change at the
detector, the nth multiple diffraction order moves n times as far.
In order to take advantage of this effect, one will need to more easily detect these
higher diffraction orders in the frequency domain. As has already been shown, the
diffraction envelope and the MTF of the optics both play a role in decreasing the amplitude
of higher order diffraction patterns. If these higher order amplitudes could be increased,
increased sensitivity to change in motion can be achieved.
To test this theory, a simulation of the experiment has been performed to mimic an
ideal scenario the gratings are imaged with perfect contrast. The binary nature of the
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grating is what produces the higher order diffraction patters. A perfect square wave is
composed of infinitely many frequency components which are integer multiples of the
fundamental, while a sinusoidal grating only has the ± fundamental diffraction orders.
Therefore, the higher the contrast of the imaged binary fork grating, the stronger the higher
order diffraction patterns will appear.
The six-inch incremental movement of the grating was simulated using a slightly
modified version of the code which produced Figure 3.4. Recall that Figure 3.4 showed a
strong ℓ = 5 fork pattern which was not present in the experimentally imaged grating. This
showcases the effect of having high contrast image grating to analyze. In addition to
measuring the beat frequency from the ℓ = 1 pattern as in the experimental data, in this
simulation the beat frequency was measured from the ℓ = 5 pattern as well. In theory, the
ℓ = 5 pattern should be five times as sensitive to movement that the ℓ = 1 pattern. One
way to measure this is to take the ratio of the beat frequencies measured from the ℓ = 5 and
the ℓ = 1 patterns. In order for the ratio to equal five, the grating must fill the aperture of
the detector. Otherwise, the gains in sensitivity from the ℓ = 5 pattern will be partially
suppressed by the loss in resolution. Below, the grating is simulated such that it fills the
detector entirely at each distance while still retaining the frequency properties of the grating
imaged under normal conditions. The perfect contrast simulated gratings were generated
for each distance used in the experiment. Their analysis follows.
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Simulated Grating
180

Measured ΔD [mm]

160

l =1
y = 25.495x - 5.7402
R² = 0.9991

140

120

l=1

100

l=5

80

Ideal

60

l=5
y = 25.63x - 6.4708
R² = 0.9999

40
20

Linear (l = 1)
Linear (l = 5)

0
0

1

2

3

4

5

6

7

ΔD [mm]

Figure 3.16

Table 3.5

Tracking results for ℓ = 1 and ℓ = 5 moiré patterns given a simulated fork
grating filling the entire detector.

Summary of the beat frequencies measured from the ℓ = 1 and ℓ = 5 moiré
patterns resulting from an ideal simulation of the previous experiment.
𝑭𝒃𝒆𝒂𝒕

Distance [in]

𝓵=1

𝚫𝑭𝒃𝒆𝒂𝒕
𝓵=5

𝓵=1

𝓵=5

Ratio

240

511

-5

2.5

12

4.8

241

508.5

-17

3.5

17

4.86

242

505

-34

3

16

5.33

243

502

-50

3

16

5.33

244

499

-66

3.5

17

4.86

245

495.5

-83

3.5

16

4.57

246

492

-99

Average:
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4.96

Note the average ratio between the changes in beat frequency of the ℓ = 1 and ℓ =
5 is approximately five as expected. Both sets of measurements track similarly well over
the six inch translation and perform better than the experimental data. This is due to the
grating filling the detector array and retaining maximum resolution in frequency space.
For the ℓ = 5 data to show a marked increase in sensitivity over the ℓ = 1 data, a smaller
step value in grating movement can be used (e.g. one quarter inch increments). This
exercise is enough to show that there is in fact a multiplied sensitivity to be gained by
measuring from the higher diffraction orders.
The increased movement of the nth diffraction order not only has implications for
greater distance measurement sensitivity, but also rotation as well as lateral movement.
Under rotation, the nth diffraction order moves vertically n times as much as the first
diffraction order. That means for some rotation 𝜙 which moves the first diffraction order
up one pixel, the minimum amount to detect the rotation, the nth diffraction order will move
a pixel at a rotation angle of 𝜙/𝑛. Therefore, the moiré patterns are n times as sensitive to
relative rotation between the nailbed and the grating.
Increased sensitivity in lateral movement is observed as well. Equation (2.9)
showed that the Fourier Transform of a function with a lateral shift produces the Fourier
Transform of that function with an additional phase shift. The amount of phase shift
produced is a function of the spatial frequency multiplied by the shift amount. The nth
diffraction order is a spatial frequency n times as large as the fundamental and so
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experiences n times the phase shift. This means sensing a moiré pattern of a higher order
diffraction pattern allows detection of lateral movement n times as small. In Chapter 2, the
contrast example showed a half period lateral shift in the original grating resulting in a half
period (i.e. contrast inversion) of the moiré pattern. There, the sensitivity was the same
since the moiré pattern was from the n = 1 diffraction order. However, below is an example
of a moiré image from the n = 3 diffraction order which produces an ℓ = 3 fork pattern for
an ℓ = 1 fork grating. The grating is shifted by 1/6th the period of the original which
produces contrast inversion in the moiré image.

Figure 3.17

Contrast inversion of the n = 3 diffraction order due to lateral shift. The
moiré pattern is n times as sensitive to lateral displacement.

These increases in sensitivity are great, but a means of bringing up the signal of
these higher diffraction order in practice is still required, however. One simple way to
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increase the contrast of the grating is to bring it closer to the detector. The MTF of a
standard imaging system provides higher contrast to lower spatial frequencies. Bringing
the grating closer lowers the spatial frequency of the imaged pattern at the detector. The
problem is then that the grating is more properly sampled by the detector. As mentioned
above, this is usually a good thing, but not when trying to detect moiré patterns. When
nailbed frequency is much greater (i.e. > 2𝐹𝑓𝑔 ), the duplicated fork grating spectra are
moved far away from the origin as they are centered at integer duplicates of the nailbed
frequency. This means moiré patterns will not be visible, and the original fork grating
spatial frequency will be the only signal to analyze after taking the FT. The balance, then,
is to maximize the contrast of the imaged grating while still inducing a moiré effect. The
next section will explore ways of increasing sensitivity and designing around specific
moiré pattern detections.
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Chapter 4

OPTICAL MOIRÉ PATTERN CONTRAST ENHANCEMENT

Last chapter, moiré images of fork gratings were generated and analyzed to show
their capability in detecting relative distance changes between the grating and the detector.
It was also theorized and shown via simulation that detecting higher order moiré patterns
increases the sensitivity of the ranging system. For example, an ℓ = 3 diffraction order in
the moiré image will change spatial frequencies three times as much as detecting an ℓ = 1
diffraction order.
The challenge now becomes how to maximize contrast of these higher order moiré
patterns. Because they are generated by higher order diffraction patterns, which have a
reduced amplitude relative to the first order, they have a lower contrast and are more
difficult to detect in the moiré image. A good place to start when thinking about image
contrast is the imaging system’s MTF, which describes the contrast available at the spatial
frequencies detectable by the system.
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4.1 Modulation Transfer Function
The MTF of an optical system is defined as the absolute value of the optical transfer
function (OTF), which is itself the Fourier transform of the Point Spread Function (PSF).

ℑ{𝑃𝑆𝐹(𝑥, 𝑦)} = 𝑂𝑇𝐹(𝑓𝑋 , 𝑓𝑌 ) = 𝑀𝑇𝐹(𝑓𝑋 , 𝑓𝑌 )𝑒 𝑃𝑇𝐹(𝑓𝑋,𝑓𝑌)

(4.1)

The phase component of the OTF is called the Phase Transfer Function (PTF). The PSF
describes an optical system’s response to imaging a point source, and its convolution with
the object plane produces what is seen at the image plane. The shape of the PSF is affected
by optical aberrations, and so it follows then that the OTF is the analysis of which
frequencies are affected at the image by the optics themselves. For now, most important
is the MTF, or the absolute value of the OTF, and at diffraction limited performance. The
effects of aberrations will be considered when the optics are analyzed more rigorously
using Zemax in following sections.
First, consider the ideal MTF of a diffraction limited optical system. This curve
defines the relative contrast strength of spatial frequencies within the image. Contrast is
maximized at lower spatial frequency and slowly decays to the systems cutoff frequency,
which can be defined as
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𝑣𝑐 =

1
𝜆∙𝑓/#

(4.2)

where 𝜆 is the wavelength and 𝑓/# is the imaging system’s f-number.

Figure 4.1

Diffraction limited MTF curve.

Normally, one can do no better in terms of contrast than the values defined by this
curve.

However, we are only interested in increasing contrast at specific spatial

frequencies, not over the entire detectable range. This means we can sacrifice performance
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at spatial frequencies of which we do not care in order to maximize contrast at the spatial
frequencies which we wish to more clearly detect.
In order to do this, we can alter our pupil function. The pupil function is a complex,
two dimensional mask which defines the shape of the entrance pupil and contains
information about aberrations in the phase component. For now, we assume diffraction
limited performance and just focus on the shape of the pupil and its effect on the MTF.
4.2 Centrally Obscured Pupil
The first candidate pupil is one that contains a central, circular obscuration. This
is common in many telescope designs in which the secondary mirror blocks the central
portion of the primary. The effect on the MTF for a central obscuration is degraded
performance at lower spatial frequencies with a boost in contrast at high spatial
frequencies. This effect is unwanted in normal imaging scenarios. However, we desire a
pupil that can beat the ideal MTF curve if even in limited ranges.

Figure 4.2

50% by area obscured pupil.
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Below is a figure showing the ideal MTF and the MTF’s of the same system given
central obscurations. The figure shows the effect of increasing the size of the obscuration
as a function of percent area of the normalized aperture.

Figure 4.3

Comparison of MTF’s with different size central obscurations.
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The above figure shows that slight improvements can be made to the contrast at
higher spatial frequencies. In fact, all improvements in contrast occur at 60% of the cutoff
frequency and higher, though different sized obscurations effect which spatial frequencies
experience the most enhancement. Note that performance decreases at all lower spatial
frequencies, but these are not of interest when detecting higher order moiré patterns. If a
ratio is taken at each spatial frequency of the obscured pupil MTF to the ideal MTF, the
regions which benefit from increased contrast become clear.

Figure 4.4

Ratios of obscured pupil MTF’s to the ideal MTF.
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It is evident that the largest relative increases in contrast are gained at larger
obscurations. However, while the larger obscurations produce the greatest increase, the
peak increases of the MTF curves are lower in overall amplitude than with smaller
obscurations. This is to say, the largest relative gains are not necessarily best for detection
of higher order moiré patterns. For example, consider the 90% by area obscuration. Its
contrast is ten times higher than that of the ideal MTF. But, the actual value of the MTF
at that spatial frequency is less than 0.1. Now, the 50% by area obscuration only doubles
the contrast of the ideal curve, but its overall value is 0.16 which is better than the 90%
obscured pupil.
4.3 Dual Sub-aperture Pupil
All of that said, while the central obscuration does technically give us enhancement
in contrast, the gains are not tremendous even for these simulations assuming perfect
performance. There is, however, another pupil design that shows promise in enhancing
contrast at a specific spatial frequency up to a value of 0.5, which is well above the centrally
obscured pupil’s MTF. The second candidate is a dual aperture pupil.
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Figure 4.5

Dual aperture pupil.

A dual aperture pupil provides an MTF which has decreased performance over most
spatial frequencies, but then peaks at some frequency up to a value of 0.5. This perhaps
becomes clearer when one considers the MTF as the absolute value of the autocorrelation
of the pupil function. These descriptions are mathematically equivalent as stated by the
Wiener-Khinchin theorem [19]. The autocorrelation of the pupil shown above produces a
maximum value when perfectly aligned and neither sub-aperture is blocked. The contrast
then decays as the overlapping area decreases until a point where one sub-aperture from
each pupil function is blocked, but the remaining sub-aperture of each function perfectly
overlap one another. The MTF in this case has a value half that of the peak as one subaperture is present as opposed to both. The figure below shows the ideal MTF curves of a
clear circular aperture versus the ideal MTF curve of the pupil shown in Figure 4.5.
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Figure 4.6

Dual-aperture pupil MTF.

There are two important parameters in designing a dual-aperture pupil: the subaperture spacing and the sub-aperture diameter. The spacing between the sub-apertures are
assumed to be symmetric about the origin of the pupil and control the 𝑓/# of the imaging
system. The widest point across the two sub-apertures on the horizontal axis defines the
pupil diameter, which in turns effects the 𝑓/#. Recalling Equation (4.2), this defines the
cutoff frequency which will be important when designing the system around specific
diffraction orders in frequency space. The sub-aperture diameters drive the width of the
MTF secondary peak that ideally goes to 0.5. The larger these sub-diameters, the wider
the range of contrast enhancement.

Alternatively, the smaller theses apertures, the

narrower the secondary peak becomes, meaning the spatial frequencies of interest will
more quickly lose contrast with system disturbances.
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While the advantage of this pupil design as compared to the central obscuration is
clear in terms of contrast enhancement at specific spatial frequencies, it suffers in overall
optical throughput. The clear area of the entrance pupil is reduced and therefore requires
a brighter scene to generate the same illumination of the image plane. Changes in software
gain and contrast levels can also help compensate for this effect. Since this is a cooperative
ranging system, it is assumed greater ambient light is always available.
We choose the dual-aperture pupil moving forward with the design. In order to
keep the same 𝑓/# previously used in the initial experiment, we set the sub-apertures to
have a maximum distance of 10 [mm]. A sub-aperture diameter of 4 [mm] is chosen to
maximize throughput and still give a significant increase in contrast. In fact, Figures 4.5
and 4.6 show the chosen pupil shape and MTF which places the maximum contrast at 60%
of the optical cutoff frequency.
So far, all MTF analysis has been done under ideal, single wavelength conditions.
In reality, the imaging optics will have some amount of aberrations which will degrade the
imaging performance. Additionally, the lighting will be broadband, which smooths the
MTF curves as each curve for every wavelength is averaged together. Importing the lens
parameters directly into Zemax and defining a custom pupil allows the analysis of the
optical system used in experimentation.
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Figure 4.7

MTF comparison of clear aperture and dual aperture pupils.

The MTF peak has clearly been rounded off by the 480-680 [nm] broadband
lighting in comparison to the previous image, and the MTF only reaches a maximum of
0.4. By maintaining an f/5 system however, off-axis aberrations are minimized, and the
system is kept nearly diffraction limited.
With the custom pupil designed and analyzed, how is this to be used to increase
contrast of the moiré image? The new pupil beats clear-aperture, diffraction limited
contrast, but only for a specific location. In this case, the peak falls right at 200 [lp/mm],
so it is this spatial frequency which is most important.

So, the diffraction order

corresponding to the moiré image of interest must fall within this enhanced region.
For example, in order to gain an increase in ranging sensitivity of a factor of three,
the ℓ = 3 diffraction order needs to be placed at 200 [lp/mm] at the image plane when using
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this dual-aperture pupil. Recall from Chapter 2 that the moiré imaging process involves
the convolution of the Fourier Transform of the image with the Fourier Transform of the
nailbed function, thus duplicating the image spectra centered at each delta function of the
nailbed. Under normal imaging conditions, the nailbed frequency is much higher than
anything in the image (at least twice as much to satisfy Nyquist), and so when the image
spectrum is duplicated, the replicated features are at such a high spatial frequency that it is
not visible by the detector. In this work, however, the moiré imaging process is used to
duplicate higher order diffraction patterns and place them closer to the origin where they
can be detected.
Placement of the ℓ = 3 diffraction order at 200 [lp/mm] means that the ℓ = 1
diffraction order falls at 200/3 = 66.7 [lp/mm] at the detector. The nailbed frequency
defined by the pixel pitch of the detector is ~96 [lp/mm], which means that the imaged
grating at 67 [lp/mm] will be resolvable. The ℓ = 3 diffraction order will not be however,
at least without the moiré effect. Chapter 3 showed that the moiré images generated are
ultimately a function of distance, so knowing the parameters of the grating and imaging
detector, a distance can be calculated which provides the proper spatial frequencies at the
image plane.
Equation (3.2) gives the relationship between magnification and spatial frequency.
The grating has a printed spatial frequency of 1 [lp/mm], and the desired spatial frequency
at the detector is 67 [lp/mm]. This means the magnification is simply 67/1 = 67 and is
conveniently equivalent to the desired spatial frequency of the imaged grating under these
conditions. Equation (3.1) can be used to find that the distance which corresponds to a
magnification of 67 is approximately 3.4 [m], or 134 [in].
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There is one more consideration to be made before continuing to experimentation,
and that is the expected beat frequency. So far, the spatial frequency of the fork grating
and nailbed have been accounted for, but the beat frequency is responsible for producing
the pattern that will be measured and used to calculate distance. The beat frequency should
be low enough as to be a large pattern which is overlaid smaller structure in the grating
image. A beat frequency that is too high, or higher than that of the fundamental spatial
frequency of the grating, will be harder to detect visually. Using the relationship expressed
in Equation (3.12), we can now calculate the expected beat frequency if we chose to
measure from the m = 2 duplicated spectrum.

𝑛 ∙ 𝑣𝑓𝑔 = 𝑚 ∙ 𝑣𝑛𝑏 − 𝑣𝑏𝑒𝑎𝑡

3 ∙ 67 [

𝑙𝑝
𝑙𝑝
] = 2 ∙ 96 [
] − 𝑣𝑏𝑒𝑎𝑡
𝑚𝑚
𝑚𝑚

𝑣𝑏𝑒𝑎𝑡 = −9 [

𝑙𝑝
]
𝑚𝑚

Remember the convention established in Chapter 3: we measure the location of
negative diffraction orders from positive m duplicated spectra, meaning that the spectra
from which the moiré pattern is generated lies to the right of the origin. Under certain
conditions, this produces a negative value for the beat frequency. This just means that the
102

negative diffraction order that is generating the moiré image falls to the left of the origin
in frequency space and so produces a fork grating moiré pattern in normal (i.e. downward
facing) orientation.
There are, of course, other ℓ = 3 diffraction orders from the other m duplicated
spectra generated by the convolution process. The value of m = 2 was chosen as it placed
an ℓ = 3 diffraction order at a low and easily visible spatial frequency. The moiré patterns
available to be detected are a function of the ratio of the nailbed spatial frequency to the
fork grating spatial frequency at the detector. To make this easier to visualize, a custom
interface was developed which shows the placement of different diffraction patterns at
these different ratios of nailbed frequency to fork grating frequency.

Figure 4.8

A custom moiré pattern placement visualization tool.
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The software shows the frequency domain features generated by the moiré imaging
process for the entered ratio. Positive diffraction orders (i.e. n > 0) are represented by
vertical lines placed above the horizontal axis, and negative diffraction orders (i.e. n < 0)
are represented by vertical lines placed below the horizontal axis. Everything within the
large, dashed lines falling at the nailbed spatial frequency will be at least somewhat
resolvable. Additionally, each frequency feature is labeled in the notation described in
Chapter 3 of [m,n], so as to keep track of the expected results. The placement is important
as it tells us whether or not the fork grating will be oriented upward (inverted) or downward
(non-inverted). For the designed being developed in this chapter, the ratio of nailbed
frequency to fork grating frequency is 96/67 = 1.43. Putting this into the visualization
software, it becomes clear that the [2,-3] to the left of the origin and the [-2,3] to the right
of the origin will produce a normally oriented ℓ = 3 moiré pattern of a low spatial
frequency, as expected.
With the pupil and distances defined to generate an enhanced contrast moiré image,
the custom pupil was 3D printed and made to slide over the outside of the lens tube housing
the imaging optics. This allowed for easily adjustable positioning of the pupil in front of
the optics. The same grating as used in Chapter 3 (a 1 [lp/mm], 10x10 [in2], ℓ = 1 fork
grating), was placed so that the distance from the grating to the approximate location of the
optics within the lens tube was 134 inches. The grating was imaged with both a 10 [mm]
clear aperture as well as the custom dual-aperture pupil for comparison.
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Figure 4.9

Fork grating imaged at 134 [in] with a 10 [mm] clear aperture.
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Figure 4.10

Fork grating imaged at 134 [in] with a custom dual-aperture pupil.

At first glance, the two images do not look noticeably different. There appears to
be slightly more structure in the image taken with the dual aperture pupil, but it is very
faint. Visual perception by the human eye is a qualitative matter though, and we seek to
measure quantitatively the contrast enhancement of the ℓ = 3 pattern present in the image.
First, just as a visualization aid, we can binarize the image to bring out more of the
moiré patterns. By applying a binary effect to just the portion of the image containing the
grating, it increases the contrast of the entire image and sets pixels to values of either 0 and
1. This makes visualization of the moiré patterns easier to the observer as well as brightens
the diffraction orders in frequency space, which makes tracking the diffraction orders easier
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for analysis when done by hand. The following figure shows a screen capture of a custom
graphical user interface (GUI) used to assist in analyzing moiré images of fork gratings
specifically.

Figure 4.11

Custom GUI developed to assist in analysis of moiré images.

The spatial domain axis in this figure shows the result of the binarizing process.
Here the ℓ = 3 moiré pattern is much clearer and is normally oriented as anticipated. The
GUI also displays the Fourier Transform of the spatial domain image on the frequency
domain axis. In this figure, the frequency domain has been displayed in log scale for ease
of viewing, and we have zoomed in on the origin to show the low spatial frequency ℓ = 3
diffraction patterns (vortices) placed there by the moiré imaging process. As shown in
Chapter 3, this ℓ = 3 diffraction pattern is three times as sensitive to relative movement
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between the grating and detector as the ℓ = 1. Also recall from Chapter 2 that the apparent
rotation angle of the moiré image can be used to solve for the original relative rotation.
Alternatively, one can use the camera software to adjust contrast of the image as
the data is taken. During data collection of the above figures, we noticed that by turning
off auto-contrast features and setting the levels directly, the camera can more clearly detect
moiré patterns automatically.

Figure 4.12

Direct camera output after altering camera contrast levels to highlight the
ℓ = 3 moiré pattern.
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By tuning the dynamic range of the detector, the contrast of the fundamental grating
frequency can be blown out as to produce a purely white image. But, the slight contrast
modulation of the ℓ = 3 moiré pattern across the grating then brings down the contrast of
the image just enough in the dark fringes of the moiré pattern as to make the moiré pattern
itself the dominant feature. This provides an easy way to collect data directly from the
camera which highlights the moiré image of interest when measuring relative distance
changes.
Now that the moiré pattern has been shown to be present within the image, though
hard to see in most cases, we wish to measure the contrast of the ℓ = 3 pattern of the image
taken with the dual aperture compared to that of the clear aperture. Common strategies for
analyzing image contrast are not helpful here as we are not interested in the contrast of the
imaged grating as a whole, rather just portions of the image containing specific spatial
frequencies. To get a measure of the ℓ = 3 moiré pattern contrast, we use the Fourier
Transform and measure the energy distributed to the ℓ = 3 diffraction orders. However,
the two images have different overall contrast levels which alters the values of the data
when viewed in the frequency domain. To account for this, we normalize the energy in the
ℓ = 3 order to the energy in the naturally occurring ℓ = 0, or zero-order, for each image.
This will give us a ratio of the energy in the diffraction order of interest independent of
overall intensity scaling. Furthermore, we can take advantage of the conservation of OAM
described in Chapter 2 to shift the zero order in frequency space.

By numerically

diffracting an ℓ = -3 vortex beam though the moiré image, the total OAM at the naturally
occurring ℓ = 3 diffraction pattern becomes +3 – 3 = 0, which is just the zero order. This
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concentrates the energy of the ℓ = 3 order into a smaller area and produces a similar shape
to the zero order used for normalization which makes for a more like-to-like measurement
of the order energy.

Figure 4.13 Moiré image analysis GUI. Notice the frequency domain orders have
been altered by numerically introducing an ℓ = 3 vortex beam.

The above figure is shown to demonstrate the effect of numerical diffraction of an
ℓ = 3 vortex beam through the moiré image. Where the ℓ = 3 order used to be is no the
zero order, where the zero order used to be is now and ℓ = -3, and where the ℓ = -3 order
used to be is now an ℓ = -6.
For analysis, a 5x5 pixel area is placed centered at the location of the different
diffraction orders we wish to measure. The sum energy of that 5x5 pixel array is then
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calculated. The log value of the data in frequency space is not used in this calculation
despite it being used for display purposes. Before the measurement is taken though, it is
helpful to get a theoretical value of the expected performance of the system for comparison.
In order to do this properly, we must first calculate the actual spatial frequency of the
imaged grating and the overall magnification of the system. Using Image Space analysis
described in Chapter 3, the spatial frequency of the grating at the detector, and therefore
the magnification of the system due to the printed grating having a spatial frequency of 1
[lp/mm], is 63.2. This tells us that the grating is placed closer to the detector than originally
planned, and, more importantly for this exercise, places the ℓ = 3 diffraction order at 190
[lp/mm]. According to Zemax, the optics used in this experiment produce an MTF value
of 0.29 for the clear aperture and a value of 0.37 for the dual aperture at 190 [lp/mm], which
corresponds to a theoretical 27.6% increase in contrast.

Table 4.1

Summary of clear aperture and dual aperture contrast performance

Clear Aperture
Pupil
Dual Aperture
Pupil
Clear Aperture
Dual Aperture

0th
Order
2.71E8

3rd
Order
1.04E8

Ratio

% Increase

0.38

22.7%

2.79E8

1.31E8

0.47

MTF
0.29
0.37
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27.6%

From the experimental data taken with the clear aperture, the ratio of the energy in
the ℓ = 3 order to the zero order is 0.38. However, the ratio of the energy in the ℓ = 3 order
to the zero order is 0.47 for the dual aperture. Thus, the experimental data shows a 22.7%
increase in contrast of the ℓ = 3 moiré pattern. Discrepancy in the theoretical and
experimental values could be due to tolerances pertaining to the optics or slight
misalignment of the optics within the lens tube that introduce off-axis aberrations which
degrade contrast. However, the result is enough to verify the effectiveness of contrast
enhancement due to the specially designed dual-aperture pupil.
A ranging or relative motion detection system as described in this chapter is
advantageous in applications where the target will only be moving small amounts.
Therefore, this technique lends itself to fine, but highly sensitive motion detection,
especially if high ℓ-number patterns are detected as their sensitivity increases linearly with
ℓ-number. Such applications include position monitoring for spatially fixed equipment or
reference planes in imaging-based tests. This would also be useful when folded into a
controller for monitoring and correcting for slight disturbances between fixed components
of a stationary system [13]. This technique also has advantages over post-process spatial
filtering. It is common to filter out unwanted frequency components in images by taking
the Fourier Transform and masking the structures to be removed and finally taking the
Inverse Fourier Transform to generate the desired image. This method, however, only
hides other spatial frequencies but does not affect the spatial frequencies the user does care
about. By optically enhancing the contrast of the spatial frequencies of interest, one is
putting more energy into those diffraction orders, as shown in this chapter, at the image
plane which cannot be done by simply filtering other frequency features.
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Chapter 5

CHARACTERIZING MOIRÉ IMAGE RANGE DETECTION LIMITATIONS

So far, it has been shown that moiré images of fork gratings can be used to calculate
both absolute and relative distance changes. In Chapter 3, a pure moiré image was seen by
the detector and used to measure ranging information at 20 feet. In Chapter 4, the grating
was placed at a distance of just over 11 feet which was close enough so that the camera
could resolve the fundamental grating frequency, but not so close as to eliminate the moiré
effect.
Now, we study the limits of this ranging technique and analyze its performance at
more extreme conditions, both near and far. When brought much closer to the detector,
the grating becomes sufficiently sampled, which is usually a desirable. However, for moiré
image generation, this is not ideal. The low spatial frequency of the imaged grating is
duplicated at the nailbed delta function and concentrates the frequency features that are
needed for moiré pattern generation at higher spatial frequencies. They become harder to
detect and analyze because they fall at higher spatial frequencies.
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On the other hand, when the grating is pushed very far away, one will only see pure
moiré images as seen in Chapter 3, but the grating will occupy an increasingly smaller
number of pixels on the detector. How many pixels are needed to detect a moiré image of
a fork grating? What moiré patterns are available? How does one deal with ambiguities
in the convolution process? These are the topics to be discussed in this chapter.
5.1 Over-sampling
When over-sampling, the grating is brought close enough to the camera as to not
produce many, if any at all, moiré patterns from which to calculate distance. So, if no
moiré patterns are detectable, what options does one have to get distance information?
Recall from the previous chapter that the moiré patterns available to be analyzed are a
function of the ratio

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 at the detector. The spatial frequency of the grating at the

detector is a function of the printed grating spatial frequency and distance. This leaves the
only other variable as the nailbed spatial frequency. This is also fixed as it is a function of
the pixel pitch of the detector. However, one can use selective sampling of the imaged
grating in order to alter the effective nailbed function, and therefore change the ratio until
a suitable moiré pattern emerges.
The simplest sub-sampling scheme is to reduce the number of rows and columns
equally and by factors of two. Reduction by half effectively doubles the pixel pitch of the
detector and halves the nailbed frequency. This will reduce the ratio

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 by half and

present new options in frequency space from which to measure moiré images. Take, for
example, the same grating and imaging system as used in previous chapters (standard 10
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[mm] clear pupil), but this time the grating is placed at a distance of 10 feet instead of 20
feet.

Figure 5.1

A 1 [lp/mm], ℓ=1 fork grating placed at 10 feet.

No obvious moiré patterns are visible at 10 feet when viewed at full resolution
(Note: depending on the viewing medium, other structure may appear to the reader which
is not present in the actual data). The goal is to control the down-sampling process to
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produce predictable moiré images. By down-sampling by 50%, new structures appear in
the image. These are what we call induced moiré effect as they do not occur naturally
given the system parameters.

Figure 5.2

a) A 1 [lp/mm] fork grating at 10 ft grating, b) the image in a) resized by
half. Both have been binarized.

Notice in Figure 5.2b) the strong ℓ=5 pattern. In Chapter 3, a simulation was
presented of the imaged grating which filled the detector and had perfect contrast being
moved from a distance of 240 inches through 246 inches. One set of data was measured
from the ℓ=5 pattern which appeared. This is the same pattern that we see in Figure 5.2b.
So far, the under-sampling process has been described in terms of modifying the nailbed
function. But the induced effects can also be represented as a fixed nailbed imaging a
modified scene. In this case, the grating is considered to have been pushed backwards by
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twice the actual distance. Either description is valid, so it is not surprising that a 50%
down-sampled image of the grating at 10 feet produces the same effect as imaging the
grating at 20 feet.
As described in previous chapters, measuring distance changes from higher ℓnumber patterns increases sensitivity. So, for the case of the grating imaged at 10 feet,
choosing the ℓ=5 grating will provide a 5x increase in distance resolution than measuring
from the ℓ=1 pattern at that distance.

But the under-sampling process does affect

sensitivity. Consider Equation (3.14) which describes the change in distance detectable
per unit change of the measured value 𝐹𝑏𝑒𝑎𝑡 , repeated for convenience below.

𝐸𝐹𝐿
) ∙ (∆𝐹𝑏𝑒𝑎𝑡 )
∆𝐷 = − (
𝐹𝑓𝑔
𝐶𝑆 ∙ 𝑝𝑝 ∙ 𝑛 ∙ ( ⁄𝐿 )
𝑓𝑔

If it is assumed that the nailbed frequency is being reduced and the scene is
consistent, it would initially seem that the only two terms that change are CS and pp. For
a 50% reduction, CS now only covers half the number of pixels when down-sampled, and
the pixel pitch doubles. These two effects cancel out as they are inversely related to one
another. But if only the nailbed is altered, this changes the beat frequencies seen in the
moiré image, and so those terms are varied as well. As shown in the last chapter, the moiré
patterns available to be generated are a function of the ratio
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𝑣𝑛𝑏
⁄𝑣𝑓𝑔 , and so this ratio must

be maintained in order to make a proper comparison of sensitivities under down-sampling
conditions. This is done by changing the fork grating by the same amount as the nailbed,
so the ratio is consistent. That way, the beat frequency measurement is the same under
both conditions. We can rewrite the sensitivity of the measurement technique in general
terms accounting for resizing by introducing a new variable, RS.

∆𝐷 = − (

𝐸𝐹𝐿
)
𝐹𝑓𝑔
𝑅𝑆∙𝐶𝑆∙𝑝𝑝∙𝑛∙(
⁄𝐿 )
𝑓𝑔

∙ (∆𝐹𝑏𝑒𝑎𝑡 ), 𝑤ℎ𝑒𝑟𝑒 0 < 𝑅𝑆 < 1

(5.1 )

The variable RS now accounts for rescaling effects and is a value between 0 and 1.
This increases the change in detectable distance and therefore diminishes sensitivity.
However, the rescaling can be counter balanced by doing so to a point where a high ℓnumber moiré pattern is visible. If 𝑛 > 𝑅𝑆 −1 , then an increase in sensitivity is still
available over standard pixel counting ranging techniques. In the previous figure, it was
shown that down-sampling by half the image of the grating at 10 feet produced a
measurable ℓ = 5 pattern. The theoretical overall gain in sensitivity by doing this is 5/2 =
2.5 over a standard method. Below is a figure showing the position-to-position error
measuring from the ℓ = 5 and the ℓ = 1 patterns visible after a 50% down-sampling at 10
feet with one inch increments.
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Figure 5.3

Error comparison of the ℓ = 5 and the ℓ = 1 distance tracking
measurements after a 50% down-sampling.

According to the new error equation shown above which considers resizing effects,
the ℓ = 1 track has an expected sensitivity of -24.4 [mm] per change in beat frequency
while the ℓ = 5 track has an expected sensitivity of -4.5 [mm]; this is about five times the
magnitude as anticipated. However, downsizing by other values of RS = 0.5 produce
different moiré patterns from which to measure that do not impact accuracy.
For example, at approximately 10 feet, the spatial frequency of the grating at the
detector is 57 [lp/mm] which corresponds to a nailbed to fork grating frequency ratio
𝑣𝑛𝑏
⁄𝑣𝑓𝑔 = 1.68. Using the moiré pattern visualization tool described in the previous
chapter, we find an ℓ = 7 moiré pattern

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 = 1.18. Using a resizing factor of 0.702
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transforms the image to the correct nailbed to fork grating spatial frequency ratio. This
image conversion is not as simple as the 50% resize done by removing rows and columns,
so a bicubic interpolation is used to generate the down-sampled image.

Figure 5.4

The fork grating imaged at approximately 10 ft and down-sampled by a
factor of 0.702 to produce a sensitive ℓ = 7 moiré pattern.

In fact, at any point in motion tracking that the desired moiré pattern becomes lost
or overpowered by other patterns, the resizing term can be adjusted to bring it back to a
measurable location in frequency space. With this new sampling setting, the sensitivity
equation produces an expected change in distance of -2.4 [mm] per change in beat
frequency, nearly half that of the ℓ = 5 tracking with 50% reduction. The gain in
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sensitivity is related to both measuring from the ℓ = 7 diffraction order as well as only
down-sampling to ~ 0.7 instead of 0.5 of the original image.
This tells us that there are multiple ways of measuring distance and changes in
distance using the moiré image method that are more sensitive than standard imaged-based
ranging techniques. However, not all are optimal. To maximize the utility of downsampling, one should know or measure the ratio of the nailbed spatial frequency to the
imaged fork grating spatial frequency at the detector. Then, using a visual aid such as the
one showcased in the previous images or analytic methods, determine the next highest
available moiré pattern which gives the desired sensitivity. This will depend on user
application, though in general one should down-sample as little as possible to maintain the
advantages of measuring from higher ℓ-number patterns.
One potential application of down-sampling images of fork gratings in order to
produce moiré images would be an auto-docking or auto-landing procedure. Low SWaP
systems such as small UAV’s or quad-copters could benefit from a more accurate position
and relative distance measurement technique. In these cases, the craft would have a
downward facing camera that tracks on a landing surface with the grating printed on it.
The imager on such a craft would likely be much faster in 𝑓/# and more compact, similar
to a cell phone camera. As such, a standard cell phone was used to image a grating printed
out on a standard printer. The goal was to test the effectiveness of this ranging system
using non-specialized equipment and gratings with lower spatial frequencies. The grating
in this case was an 8x8 [in], ℓ = 1 pattern with 75 total line-pairs which corresponds to
spatial frequency of 0.3691 [lp/mm] (see to-scale fork grating in the APPENDIX). This
spatial frequency was chosen as it produced a large number of fringes without
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discretization effects from the printer itself. The camera had a pixel pitch of 1.75 [μm] and
the photo meta-data reported an EFL of 3.75 [mm]. A photo of the grating was taken from
distances spanning nine feet to one foot simulating a landing sequence. Obviously, as the
camera gets closer, the sampling becomes higher, and less moiré patterns are immediately
available.

This indicates that a larger down-sampling must take place to generate

detectable moiré images. For the following analysis, the distance from phone to the grating
is estimated using first order measurements of the imaged grating spatial frequency. That
is, the magnification of the overall system is estimated by the ratio of the measured spatial
frequency of the imaged grating to the known spatial frequency of the printed grating. As
a comparison, the image was also down-sampled to generate a high ℓ-number moiré pattern
from which to measure distance. The sensitivity of the ranging system is then calculated
at each distance for each method.

Table 5.1

Position
[m]
0.30
0.61
0.91
1.22
1.52
1.83
2.13
2.44
2.74

Distance tracking results based on original and resized images.

D[m]

Resized
L Resize |Sensitivity*|[mm/lp]

D[m]

L

0.31
0.62
0.91
1.22
1.51
1.81
2.10
2.38
2.74

7
7
7
5
5
5
5
5
5

0.31
0.62
0.91
1.21
1.51
1.81
2.12
2.38
2.72

1
1
1
1
1
1
1
1
1

0.28
0.55
0.80
0.78
0.47
0.57
0.66
0.76
0.86

0.77
0.81
0.70
1.40
2.97
2.38
3.16
3.23
2.36
122

Original
|Sensitivity|
[mm/lp]
1.59
3.12
4.67
6.29
7.85
9.55
10.87
12.20
14.35

The distance tracking for each method is comparable at shorter distances but begin
to vary at the longest distances. The benefit gained from resizing to create moiré images
is more clearly seen by plotting the sensitivity, or error per measured beat frequency
described in Equation (5.1), of the two methods. Despite down-sampling, the moiré pattern
used for distance measurement is consistently more sensitive than measuring the spatial
frequency of the grating at the image plane alone. This is evident as the magnitude of
detectible distance change is much smaller for the resized images than the full size images

Detectable ΔD [mm]

as shown in Figure 5.5 below.

30
25
20
15
10
5
0

Moiré Method
Standard Method

0

1
2
Distance [m]
Figure 5.5

3

Small Active
Rangefinders

Magnitude of detectable distance changes.
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The moiré based range finder technique compares favorably to other distance
measurement methods likely to be used for small UAS. The standard method error
developed in Chapter 3.6 goes quadratically with increased distance. Note that there is
nothing that can be done to affect this curve as it is solely dependent on the size of the
object at the image plane in terms of pixels. However, the moiré based method error curve
appears linear, albeit with more noise due to resizing and switching from measurement of
an n = 5 and n = 7 beat frequency. The key concept though is that this method can be made
more sensitive with better analysis if higher diffraction orders can be detected. Note that
at some point both the standard method and moiré method are equivalent in terms of error.
A distance which corresponds to this point can be found by equation error expressions for
the two methods. Doing so yields

𝐷𝑚𝑖𝑛 ≅

𝐿𝑓𝑔 ∙𝐸𝐹𝐿
2∙𝑛∙𝑝𝑝∙𝐹𝑓𝑔

(5.2)

which describes a general lower bound for using the moiré method of distance
measurement. Below this distance, one is better off using the standard method of passive
ranging. But beyond this distance, the moiré method gains and maintains an advantage in
sensitivity. Given the parameters of this experiment, the theoretical minimum distance is
roughly 0.6 [m], which agrees well with the data in Figure 5.5. Additionally, by measuring
higher diffraction order beat frequency (larger n values), one is effectively decreasing the
slope of the error line. This not only reduces the error as a function of distance, but also
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reduces the minimum distance 𝐷𝑚𝑖𝑛 which increases the effective dynamic range of this
technique.
This moiré method of ranging also compares favorably to other distance measuring
devices that are likely to be found on small UAS. For example, ultrasonic rangefinders
have a dynamic range of a few centimeters up to a few meters. The resolution of these
devices is nominally one centimeter over distances measured in this experiment. A normal
imaged based measurement method becomes worse than the ultrasonic device after about
six feet, while the moiré method maintains its advantage. At shorter distances, even the
unaltered image-based method is more than sufficient to out-perform the ultrasonic device
without resizing and moiré pattern generation.

Short range lidar units are another

comparable technology. Nominal performance of these devices are also one centimeter
resolution and 1% absolute distance accuracy [20]. The percent accuracy in terms of
absolute distance of the moiré image based measurements above averaged to 1% as well.
It is likely better though, as the location of the phone camera in relation to the grating was
not precisely positioned at one foot increments. The calculated 1% includes this error in
positioning. The resolution of the short range lidar units is the same as ultrasonic rangers,
but the lidar device has an extended range comparatively. Maximum range of the moiré
image based ranging method will be discuss in the following section.
So, the limiting factor in oversampling situations where the grating is close to the
detector is the ability of the optics to focus on the grating. As long as the image of the
grating can be produced, downsizing to detect higher order moiré patterns is, at worst,
equally as sensitive straight-forward pixel or fringe counting methods used to calculate
distance.
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5.2 Under-sampling
The other extreme to be addressed is severe under-sampling which occurs naturally
due to large distances between the grating and detector. This is somewhat related to the
over-sampling problem in that under those circumstances we down-sampled to produce a
moiré image, but when naturally under-sampled, we are stuck with the low resolution
image.
There is a built-in loss in sensitivity when under-sampling the grating. As shown
above, this can be somewhat accounted for by measuring large ℓ-number moiré patterns.
Fortunately, the convolution process which produces the moiré patterns always provides
diffraction order from which to measure no matter how low the ratio

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 . However,

these are not always detectable either due to a limitation of the detector or of the imaging
optics.
When detector limited, there are simply not enough pixels available to properly
depict the frequency space distribution of the moiré patterns. It is important to understand
that the ratio

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 produces a fixed distribution of diffraction orders. This is evident in

the visualization tool as no other system specifics are required to show the expected
frequency domain once the ratio is known. Lower ratio values indicate larger distances
and a smaller number of pixels which sample the grating. As the imaged grating is
compressed in size at the detector due to the increased magnification, so is the frequency
space representation of that image.

For example, below are two frequency space

distributions of a grating imaged under the ratio
200 pixels and the second sampled with 20.
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𝑣𝑛𝑏
⁄𝑣𝑓𝑔 = 0.28; the first sampled with

Figure 5.6

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 = 0.28. a) sampled with 200 pixels, b)
sampled with 20 pixels.

Frequency space given

The same features are present in frequency space, but they begin to overlap when
insufficient number of pixels sample the image. As the size of the imaged grating is
reduced, less features become distinguishable and higher diffraction orders with less
energy become overpowered by the lower order diffraction patterns. This leads to mostly
only ℓ =1 patterns being visible at very under-sampled images. Depending on the imaging
optics and the detector though, the same ratio might be sufficient to detect higher order
moiré patterns, so there is not a hard limit on the value of

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 where a moiré image can

no longer be detected. The limiting factor will be defined, at least for detector-limited
images, by the size of the imaged grating at the detector in terms of pixels. In practice, it
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has been found that gratings imaged across 20 pixels or less begin to lose their definition
and can become difficult to use for distance measurements.
However, it is more likely that the imaging optics will not be able to resolve the
fundamental frequency of the grating before the grating itself is sampled by too few pixels.
When the detector is not able to properly resolve the fundamental frequency, moiré patterns
are generated, which is desired. When the optical system cannot properly resolve the
fundamental frequency, no useful information is captured by the detector. Keep in mind
this is different than if the sampling pattern cannot resolve the fundamental frequency
which leads to the moiré effect. In this case, the spatial frequency of the grating present in
the scene is too high to be resolved by the optics (i.e. beyond the diffraction limit).
Therefore, the convolution process does not duplicate the periodic structure of the grating,
and no moiré images are available as the grating appears washed out and grey. Under these
circumstances, the limiting factor is the diffraction limited spatial frequency of the optics.
A useful expression for the maximum distance capable to be detected using the moiré
pattern ranging technique is

𝐸𝐹𝐿∙𝐿𝑓𝑔

𝐷𝑚𝑎𝑥 = 1.22∙𝜆∙𝑓/#∙𝐹 .
𝑓𝑔

(5.3)

The diffraction limited resolution of an imaging system is known to be 1.22 ∙ 𝑓/# ∙
𝜆 defined by the Rayleigh criterion. The ratio of this resolution to the cutoff frequency
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shown in the previous chapter is simply 1/1.22. This also tells us the value of an
unaberrated system’s MTF at this diffraction limited spatial frequency of

𝑣𝑐
⁄1.22 is

roughly 0.09, or 9% contrast. Using the above equation for an average wavelength of 550
[nm] and the system parameters used in Chapter 3’s experiment, the maximum distance
comes to be just under 50 feet. This corresponds to an image size of 164 pixels given the
size of our grating, though this could be larger with a larger grating, which is more than
enough to sample the frequency space and produce detectable moiré patterns. This
indicates the system is in fact diffraction-limited in terms of maximum distance
measurement. Meanwhile, using the parameters of the phone camera data set produces a
maximum distance of just under 25 [ft] and would be imaged to a size of 20 pixels at that
distance. In this case, the optical performance and the detector both contribute to limiting
the maximum range as the diffraction limit prevents the detection of the fundamental
frequency of the grating and the size of the imaged detector drops to a size where moiré
patterns begin to overlap and lose clarity.
5.3 Calculating the diffraction order indicator m
We have discussed two extreme conditions, both close to and far away from the
detector, in which one can use the passive, moiré image-based ranging technique. In both
cases, measuring distance requires knowledge of the nailbed duplication term m and the
diffraction order indicator, n. In Chapter 2 it was shown how to measure n as it is related
to OAM, or the ℓ-number, and how this is useful for resolving ambiguities present in other
grating structure spectra. In Chapter 3, the concept of Inversion Points was introduced.
These were the values of the nailbed function projected to the object plan which
corresponded to the dominant feature no longer being able to be resolved. This occurred
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in the first experiment presented in Chapter 3 as the fundamental spatial frequency was not
resolvable (by design) and it was shown that the diffraction order from which the distance
measurement was made originated from the m = 2 duplicated spectra. The locations of
these Inversion Points are summarized in Table 3.2.
This description is sufficient for tracking the ℓ = 1 diffraction patterns, but as has
been discussed, higher diffraction orders move faster across the frequency space, and so
their inversion points will occur at different locations.

Now we are interested in

determining the m values of these higher diffraction orders. Unlike n, there is no easy way
to probe the image to discern m; all n diffraction orders look the same no matter which
duplicated spectra they originate from. There is still a pattern, however, which can be
described and used to measure m.
We can derive a general expression for the location of Inversion Points which is a
function of the fork grating frequency, the nailbed frequency, and n. Earlier the Inversion
Points were expressed as a ratio of the magnified nailbed frequency to the printed spatial
frequency of the fork grating. This is equivalent the ratio

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 in this chapter which is

taken at the image plane. We begin by describing the relationship of the nailbed frequency
to the fork grating frequency when the nailbed can no longer detect the diffraction order of
interest. This can be expressed as

∗
∗
−𝑣𝑛𝑏
= 𝑚 ∙ 𝑣𝑛𝑏
− 𝑛 ∙ 𝑣𝑓𝑔
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(5.4)

or, equivalently,

∗
𝑣𝑛𝑏

𝑛

𝑣𝑓𝑔

= 𝑚+1.

(5.5)

Only ratios under a value of two are considered as they correspond to undersampling the image (i.e. 𝑣𝑛𝑏 < 2 ∙ 𝑣𝑓𝑔 ) as this is where the moiré images begin to appear.
Also, we only consider even numbers of m as described in Chapter 3. The dominant moiré
patterns originate from the even-numbered duplicated spectra while the odd-numbered
duplicated spectra produce much more faint patterns and are difficult to detect. All the
moiré patterns measured so far in experimentation have been from even-numbered spectra.
Upon inspection, the diffraction orders present in frequency space at just under
2 are from two different spectra: m = 2 and m = 4.
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𝑣𝑛𝑏
⁄𝑣𝑓𝑔 =

Figure 5.7

The approximate frequency distribution of a moiré image with a ratio
𝑣𝑛𝑏
⁄𝑣𝑓𝑔 = 1.86.

These larger values of m are to be expected as higher diffraction order patterns
must originate from further away from the origin in order to fall within the nailbed
frequency due to them being n-times as long. In fact, as the ratio

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 decreases, the

diffraction orders placed within the nailbed function will originate from larger and larger
m duplicated spectra. These m values give us a starting point to solve for the Inversion
Point ratios, but the values of m will change when Inversion Points occur. So, the overall
pattern can be expressed as
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∗
𝑣𝑛𝑏

𝑣𝑓𝑔

=

𝑛

(5.6)

𝑛
4

2(𝑟𝑜𝑢𝑛𝑑( −1)+𝑘+1)+1

where k is the number of Inversion points which have occurred. The round function rounds
the argument to the nearest even-valued integer which gives us the even-numbered values
of m. Using this expression, we can expand upon Table 3.1 for any value of k or n.

Table 5.2

Updated table of Inversion Points for higher order diffraction patterns.

n

1

3

𝑣𝑛𝑏
⁄𝑣𝑓𝑔
5

0
1
2
3
4
5

1.00
0.33
0.20
0.14
0.11
0.09

1.00
0.60
0.43
0.33
0.27
0.23

1.67
1.00
0.71
0.56
0.45
0.38

7

9

1.40
1.00
0.78
0.64
0.54
0.47

1.80
1.29
1.00
0.82
0.69
0.60

k

These values tell us the locations of the Inversion Points in terms of the sampling
ratio (for sampling ratios < 2). Notice how the values for n = 1 equal that in Table 3.2, and
that the spacing between Inversion Points get smaller with increasing n. As explained in
Chapter 3, these values are used to determine how many Inversion Points have passed by
estimating the ratio as the roughly half the cropped size of the grating in terms of pixels
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divided by the known number of line pairs across the grating. This does not have to be
exact as one is just interested in finding where this approximation falls compared to the
location of Inversion Points. With the number of Inversion Points now known, the value
of m for the nth diffraction order which is being measured is

𝑛

𝑚 = 2 (𝑟𝑜𝑢𝑛𝑑 ( 4 − 1) + 𝑘 + 1).

(5.7)

With m calculated, all ambiguity from the frequency domain is resolved. n is
distinguishable via OAM analysis, m is calculated, and the spatial frequencies of the
nailbed, fork grating and beat pattern are all known, directly measurable, or able to be
calculated from other parameters. Moiré patterns can now be analyzed, and distance can
be calculated no matter the sampling as long as the system has not reached the detector or
optical limitations described above.
5.4 Theoretical system design: 1 km distance
Now consider a range much further than what has been considered thus far. Say,
for example, we are interested in monitoring the distance changes between an imaging
system and a target at 1 km. Here we propose a candidate range monitoring system which
could be readily assembled based on practical imaging optics and fork grating patterns.
Equations (3.1 - 3.4), (3.12), and (3.14) are all used to model the grating imaged by the
optics at the desired distance, while Table 5.2 is used to choose a ratio of the nailbed to

134

imaged fork grating spatial frequency which will produce a highly sensitive moiré pattern
from which to measure.
To begin, the optical system used in experimentation will not suffice for such an
application as it was shown that the lenses cannot keep up with a 1 [lp/mm] grating beyond
50 feet. So instead, we assume a telescope is used as the imaging optics to properly resolve
the grating at distance. The performance of the system will depend on the imaging optics,
and many telescopes are available, but for this application the common Celestron model
C8 telescope is chosen [21]. The C8 is an f/10 system with an EFL of approximately 2
6

meters, which gives the system a magnification of 𝑀 = 𝐷⁄𝐸𝐹𝐿 = 1𝑒 ⁄2𝑒 3 = 500. Note
that the large 𝑓/# indicates the cutoff frequency will be lowered and that higher spatial
frequencies cannot be detected unlike the experiment done in Chapter 4. There, no post
processing was done to the image and the n = 3 diffraction order spatial frequency was
manipulated by the custom pupil to naturally increase contrast of the moiré image. In this
example case, we will binarize the image, as shown various times throughout this work, in
order to artificially produce a perfect contrast image with large cutoff frequency. If the
optical system can image the fundamental frequency of the grating, the binary effect will
produce the higher orders from which to measure.
Next, a desired n value must be chosen. Here we set n = 9 in order to give
approximately an order of magnitude more sensitivity than otherwise available in passive
ranging systems. Table 5.2 provides the list of Inversion Points for the n = 9 patterns. The
midpoints of these values mean the n = 9 diffraction orders fall close to the center of the
frequency space and should produce a clearly visible ℓ = 9 pattern. As such, we set the
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desired ratio

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 = 1.13 as that falls about in-between the first and second Inversion

Point. Assuming a similar detector as has been used in the experiments presented in this
work, the nailbed frequency is ~96 [lp/mm] which requires the spatial frequency of the
imaged grating to be 84 [lp/mm] in order to meet the ratio value of 1.13.
We can now use the second definition of magnification, the ratio of spatial
frequencies at the image and object plane, to determine the necessary printed spatial
frequency of the grating. With M = 500 and the imaged grating at 84 [lp/mm], the printed
grating must have a spatial frequency of 0.168 [lp/mm]. This is a reasonable value for
most printers as it corresponds to black and white lines of 3 [mm]. The size of the grating
must also be defined. The author once worked on a project where a USAF bar chart was
printed at a large scale on a tarp a few meters in order to monitor spatial frequencies
detected by an imaging system used in day-to-day operations, so in that vein, we set our
theoretical grating size to 2 meters by 2 meters. At this size and a spatial frequency of
0.168 [lp/mm], there will be a total of 336 line-pairs across the fork grating.
The last piece of information needed is the approximate size of the imaged gratings.
Using the equations for AFOV and HFOV, a fork grating of 2 meters by 2 meters imaged
by the Celestron C8 will cover about 770 pixels across our detector. All variables which
govern the sensitivity of the system are now know. Plugging these into the image space
sensitivity equation we get

∆𝐷 = − (

𝐸𝐹𝐿
)∙
𝐹𝑓𝑔
𝐶𝑆∙𝑝𝑝∙𝑛∙(
⁄𝐿 )
𝑓𝑔

2000

(∆𝐹𝑏𝑒𝑎𝑡 ) = − (
770∙5.2𝑒 −3 ∙9∙(336⁄

) ∙ (1) =

2000)

−330 [𝑚𝑚].
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So, the first cut at a moiré image based ranging system produces a range sensitivity
of 330 mm, or 13 inches, for a target fork grating at 1 km. That is equivalent to 1/ 3000,
or 0.033%, of the absolute distance. Equation (5.3) defines the maximum distance for a
diffraction limited system to detect the fundamental frequency of the grating, and therefore
be useful for this technique. Plugging in the relevant values determined for this system
gives a maximum range of 1.77 km, so the system is operating at about half the maximum
range given our optics and grating.
One thing that would be good to know is how this method compares to other
ranging devices and techniques available. By using higher order diffraction patterns in the
moiré image, we know the advantage gained over other image-based passive range finders
goes linearly with n. But what about active systems? Handheld range finders capable of
range detection at kilometer distances cite range accuracies of ±3 yards at 1000 yards
distance [22]. This corresponds to 0.6% of the total distance which means the moiré image
based ranged monitor is roughly 20x more sensitive.
If even more sensitivity is desired, the moiré image range finding system can be
modified. For example, one can change the ratio

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 to a different value, say 0.91.

This will detect the next available n = 9 diffraction pattern produced by the moiré imaging
process. However, this means the spatial frequency of the printed grating will need to
increase (assuming a grating of the same size and distance) to about 0.21 [lp/mm], or 420
line-pairs across the 2 meter fork grating. The maximum distance considering this new
printed fork grating spatial frequency is 1.44 [km], so the optical system is still sufficient
in this scenario. The new range sensitivity will be -264 [mm], or just over 10 inches.
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Taking an even more extreme example, perhaps a requirement is a range resolution
of one inch at a kilometer. For such a system, what type of fork grating would be needed?
With all else being equal besides the spatial frequency of the fork grating, by using a ratio
value of 1.13 to detect the n = 9 diffraction pattern, the printed spatial frequency of the fork
grating will need to be approximately 2 [lp/mm]. This is a much finer resolution not as
easily produced, but it is still within modern printing capabilities. For example, multiple
gratings were produced at different spatial frequencies during this research. The ℓ = 1, 1
[lp/mm] grating was used throughout for simplicity, though a duplicate grating was printed
with twice the resolution as a comparison to make sure there were no unwanted effects
from the printing process itself. So, it is conceivable to subdivide the large 2 meter grating
into smaller sections to each be printed at the desired high spatial frequency and then, after
the fact, align them to one large grating to give the one inch resolution at a kilometer.
While the printing resolution is feasible, the maximum distance at which the optical
system can resolve this high resolution grating is only 150 meters. So, let us alter a few
system parameters to reach the desired range resolution. First, we switch the telescope to
something with a lower 𝑓/# as to increase the cutoff frequency. Celestron has 14 inch
aperture telescopes capable of f/2.2 [23]. The detector can also be changed to give a new
pixel pitch and nailbed frequency which will ease the requirements of spatial frequency at
the grating. Again, using practical parameters, the Celestron 236M imaging attachment
can be assumed as it has a 2.3 micron pixel pitch which corresponds to a nailbed frequency
of 179 [lp/mm] [24]. Choosing a higher ℓ-number will also help, so an ℓ = 15 pattern is
chosen. Operating near the diffraction limit of the imaging system allows us to maximize
the impact of the grating spatial frequency by making it as large as possible. The sampling
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ratio with the new detector and diffraction limit produces

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 = 0.266. Using Table

5.2 for values of n = 15, we find that a low spatial frequency ℓ = 15 beat pattern should be
detectable at approximately

𝑣𝑛𝑏
⁄𝑣𝑓𝑔 = 0.28. This corresponds to a fork grating spatial

frequency at the detector of 638 [lp/mm] and the required printed spatial frequency of the
grating 0.50 [lp/mm], which is much more reasonable than 2 [lp/mm]. Considering the
sensitivity equation, we have decreased the pixel pitch, increased the value of n, and
increased the printed spatial frequency of the grating while still managing to resolve it with
the optical system. Assuming a grating which fills the imaging array, the new depth
resolution per change in beat frequency measured from the ℓ = 15 pattern is

∆𝐷 = − (

𝐸𝐹𝐿
)∙
𝐹𝑓𝑔
𝐶𝑆∙𝑝𝑝∙𝑛∙(
⁄𝐿 )
𝑓𝑔

782

(∆𝐹𝑏𝑒𝑎𝑡 ) = − (
) ∙ (1) ≅
1920∙5.2𝑒 −3 ∙15∙(0.5)

−10 [𝑚𝑚].
The above result suggests an incredible theoretical depth resolution of about half
an inch at a distance of 1 kilometer. However, we have given ourselves every advantage
and assumed a large enough grating to fill the detector along with perfectly performing
optics. This approach may not be ideal for such extreme requirements, but the exercise is
instructive as it shows how to alter a system in order to achieve desired sensitivities under
a number of circumstances.
Overall, analyzing moiré images of fork gratings has proven to be a highly adaptive
approach to ranging. In the chapters presented up to now, the method has been applied to
distance from as little as one foot up to as large as one kilometer. Granted, the gratings
and imaging optics were very different for those scenarios, but the principles behind the
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moiré image generation and characterization apply all the same. Because many of the
effects depend on ratios, if one aspect of the system, say distance, is increased, other
parameters can be altered to bring the ratios that determine detected moiré patters back into
view.
This is not a one size fits all solution, however. Each system presented has its
limitations either in sampling or optical resolution. Though a dynamic optical system, such
as one having a zoom lens, could be made to extend the dynamic range of this method for
a given grating and distance. The focal length of the optics could be made to keep the
overall magnification such that highly sensitive moiré patterns are always available without
the need for further down-sampling.
Clearly, there are more sensitive methods of ranging available usually involving
active systems and more complex signal generation and analysis. Also, not all methods
have access to a cooperative target. If this is the case, or if higher resolution is needed, the
moiré image approach described in this work is not the best fit. However, given the
performance of the technique shown in theory and in experimental practice, I think it
deserves to be considered a live option for range detection and monitoring when applicable.
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Chapter 6

EFFECTS OF TILT AND TIP

Continuing the theme of exploring limitations to this ranging system, we now turn
our attention to the effects of tip and tilt. All examples presented thus far only considered
a head-on imaging of gratings where the grating and the viewing direction of the imager
are approximately normal. However, this convenient relative orientation will not always
be available. When misaligned, relative angle offsets and can affect the moiré image of
the grating, and therefore the measured distance.
Here, tip is taken to be rotation about the x, or horizontal axis. Conversely, tilt is
taken to be rotation about the y, or vertical axis. Analysis of tip and tilt is of interest to
more dynamic systems, such as UAS auto-landing routines, where the detector is on a
moving platform and normal orientation is not guaranteed. It is also assumed in this chapter
that the imaging optics are not telecentric. A telecentric imaging system has its entrance
pupil at infinity and a fixed magnification. Additionally, the image of object off-axis is
insensitive to perspective shifts normally scene by a non-telecentric system. This would
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take care of many perspective issues due to tip and tilt, but these are usually not the imaging
systems used on dynamic platforms.

Figure 6.1

Definitions of tip and tilt as defined in this work.

6.1 Tilt
First, we examine tilt as the grating structure is periodic in the x-direction and
therefore likely to produce significant effects. In principle, tilting a grating moves one
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edge, either left or right, at a different distance than the other. This means that the distance
between the grating and the detector is no longer a single value but has some amount of
linear spread. Additionally, the spatial frequency as seen by the detector also varies
linearly across the fork grating as the perceived period of the grating is different from left
to right. Intuitively, we can understand that the frequency components of the fork grating
will be spread out.
Before looking at the fork grating and its Fourier Transform under these conditions,
consider the same effect on the simpler cosine function. As the fork grating behaves the
same as the cosine function in term of placement of spatial frequencies in frequency space,
it is convenient to analyze it in order to predict and understand the effects when applied to
the fork grating. A cosine function with a linear frequency gradient can be written as

cos(2𝜋(𝑓0 + Λ𝑡)𝑡) =

1
2

[𝑒 −𝑖2𝜋(𝑓0+Λ𝑡)𝑡 + 𝑒 𝑖2𝜋(𝑓0+Λ𝑡)𝑡 ]

(6.1)

where Λ is some constant which produces a linearly varying phase. It is now obvious that
the overall phase has a quadratic nature when undergoing a linear tilt. Taking the Fourier
transform yields
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1

1

2

ℑ{𝑒 −𝑖2𝜋(𝑓0+Λ𝑡)𝑡 + 𝑒 𝑖2𝜋(𝑓0+Λ𝑡)𝑡 } = 2 ℑ{𝑒 −𝑖2𝜋𝑓0 𝑡 ∙ 𝑒 −𝑖2𝜋Λ𝑡 } +
2

1

2

ℑ{𝑒 𝑖2𝜋𝑓0𝑡 ∙ 𝑒 𝑖2𝜋Λ𝑡 }.
2
(6.2)

Since the two terms in the above equation are similar except for the minus sign,
2

first consider just the transform ℑ{𝑒 −𝑖2𝜋𝑓𝑡 ∙ 𝑒 −𝑖2𝜋Λ𝑡 }. The Convolution Theorem tells us
this is equivalent to the convolution of each term of the expression after transformation.

2

2

ℑ{𝑒 −𝑖2𝜋𝑓0𝑡 ∙ 𝑒 −𝑖2𝜋Λ𝑡 } = ℑ{𝑒 −𝑖2𝜋𝑓0 𝑡 } ∗ ℑ{𝑒 −𝑖2𝜋Λ𝑡 }

(6.3)

The first term in the new expression, ℑ{𝑒 −𝑖2𝜋𝑓0 𝑡 }, simply produces a delta function
2

centered at the fundamental frequency of the cosine wave. The second term, ℑ{𝑒 −𝑖2𝜋Λ𝑡 },
is more interesting and contains the quadratic portion of the phase. It is a function called
the complex Gaussian, the Fourier Transform of which is known to be

ℑ{𝑒

−𝑖2𝜋Λ𝑡 2

}=√

𝜋
2𝜋Λ

𝑒
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(𝜋𝑤)2 𝜋
− )
2𝜋Λ 4

−𝑖(

.

(6.4)

This is itself oscillating once transformed, and so the frequency components of the
complex Gaussian are not localized in frequency space like the cosine function.
Remembering the second half of our original expression, the Fourier Transform of
2

𝑒 𝑖2𝜋𝑓𝑡 is similarly

ℑ{𝑒

−𝑖2𝜋Λ𝑡 2

𝜋

} = √2𝜋Λ 𝑒

(𝜋𝑤)2 𝜋
− )
2𝜋Λ 4

𝑖(

.

(6.5)

Convolution of these two functions with the shifted delta functions will produce a
copy of Equation (6.4) centered at the positive valued fundamental frequency and a copy
of Equation (6.5) centered at the negative valued fundamental frequency.

1
2

ℑ{𝑒

−𝑖2𝜋(𝑓+Λ𝑡)𝑡

+𝑒

𝑖2𝜋(𝑓+Λ𝑡)𝑡

𝜋

} = √2𝜋Λ ∙ (𝑒

−𝑖(

(𝜋(𝑤−𝑓0 ))
2𝜋Λ

2

𝜋
4

− )

+𝑒

𝑖(

(𝜋(𝑤+𝑓0 ))
2𝜋Λ

2

𝜋
4

− )

)

(6.6)
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However, the grating does not extend infinitely as Equation (6.1) indicates. The
actual 1D transmission function is truncated and is written in terms of spatial frequencies
as

𝑥

1

𝑡𝐴 = 𝑟𝑒𝑐𝑡 (𝐿 ) ∙ 2 [𝑒 −𝑖2𝜋(𝑓0+Λ𝑥)𝑥 + 𝑒 𝑖2𝜋(𝑓0+Λ𝑥)𝑥 ].

(6.7)

The rect function has been explored in Chapter 2 and has a Fourier Transform
which produces a sinc profile.

This means the overall Fourier Transform of the

transmission function is

𝜋

ℑ{𝑡𝐴 } = √2𝜋Λ ∙ 𝑠𝑖𝑛𝑐(𝐿𝑓𝑥 ) ∗ (

𝑒

2
(𝜋(𝑓𝑥 −𝑓0 )) 𝜋
−𝑖(
− )
2𝜋Λ
4

+𝑒

2

2
(𝜋(𝑓𝑥 +𝑓0 )) 𝜋
𝑖(
− )
2𝜋Λ
4

).

(6.8)

The spectra shifted to ±𝑓0 are now limited in width due to the amplitude modulation of the
sinc function.
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Figure 6.2

Fourier Transform of a cosine function (solid line) and a cosine function
with a linear frequency gradient.

Also notice the mean frequency of the chirped cosine wave is pushed further out to
a higher spatial frequency. It is reasonable to expect this same effect to be applied the fork
grating under tilt. For the moiré image based ranging technique being developed in this
work, this is very negative effect. In this case, the vortices will be spread out and lose their
definition, which will decrease the signal to noise of the frequency features from which we
measure. Additionally, if the center of the vortex can be detected, it will be shifted to a
higher spatial frequency than would normally be seen under head-on imaging conditions
and result in a larger calculated distance.
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Figure 6.3

a) Fork grating tilted to the right b) its Fourier Transform.

Even a slight gradient across the fork grating is enough to spread the energy
distribution of the vortex over multiple spatial frequencies beyond the true value. In the
image above, an approximately 25° tilt angle was applied to the grating numerically using
perspective transforms. Therefore, ranging from an image fork grating should be done
with limited horizontal tilt in the system.
6.2 Tip
Tip can also occur in dynamic systems. Under tip, the top or bottom of the grating
is compressed relative to its opposite side. There is much less structure in the vertical
direction, so the effects of tip are lessened. A normal binary Ronchi grating has no
periodicity in the vertical direction, though the fork grating does have some due to the
central dislocation which introduces additional fringes on the top or bottom half depending
on orientation. These periods are very large compared to the average horizontal period of
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the grating and are usually on the order of one line-pair (e.g. the vortex diffraction order
does not extend in the vertical direction beyond a line-pair or two depending on the ℓnumber of the grating, while the average spatial frequency in the horizontal direction
determines the placement of the diffraction order horizontally in frequency space).
When tipped vertically, the discrepancy between the spatial frequencies of the top
and bottom are exaggerated or reduced. Take, for example, two different vertical crosssections from an ℓ=1 fork grating with 50 linepairs when tipped backwards.

Figure 6.4

Vertical cross-sections of a tipped fork grating pattern.

Notice how the central column of the fork grating has half a period, going from 0
to 1, as all odd ℓ -numbered fork grating will show, while the outer-most column has a
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slight linear phase gradient as discussed in the previous section. This indicates that a tipped
fork grating has a distribution of linear phase gradients across the pattern in the vertical
direction: none at the center, and a maximum amount at the edges. These are all additional
effects besides the slight frequency chirps present in the normal fork grating which produce
the vortices at the diffraction orders instead of sinc functions. In the horizontal direction,
there is no additional phase gradient added at any one horizontal cross-section, however,
as mentioned above, the difference in spatial frequencies of the top and bottom are
magnified when a normally oriented grating is tilted backwards, and so we can expect the
diffraction orders of such a grating to spread out horizontally, though not as severely as
when tilted.

Figure 6.5

a) Effect of a vertical tip on a fork grating b) its Fourier Transform
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Here we see the effect of vertical tip on the frequency spectrum of the fork grating.
The grating is tipped backwards by the same amount, ~ 25°, as it was tilted to the right in
the previous example, so the effects on the frequency domain can be visually compared.
The vortex is maintained, but the shape has been distorted. Unlike horizontal tilt though,
distortion takes place in both the 𝑓𝑥 and 𝑓𝑦 directions. As tipping compresses the line-pairs
at the top of the grating, the spatial frequency is increased and so the vortex is spread
towards the outer edges horizontally. Vertically, both the effects of the linear phase
gradient and the and the distribution of the severity of the phase gradients are visible. The
linear phase gradients spread the spectra outwards towards the top and bottom of the
frequency space, while the distribution of severity of these effects account for the linearly
increasing size of the diffraction order at higher spatial frequencies.
Interestingly, when tipped backwards as shown above, there will be some amount
of tip which sets the spatial frequency at the top of the fork grating equal to the spatial
frequency at the bottom of the pattern. Normally, the fork grating has a slightly higher
spatial frequency at the bottom of the grating due to the extra line-pair(s) added at the
dislocation.

These high frequencies make up the outer edges of the vortices when

examining the Fourier Transform. But as the grating is tipped backwards, the top of the
pattern becomes more condensed while the bottom is enlarged, or at best stationary
depending on the point of rotation. When the top spatial frequency equals the bottom, the
vortex collapses in the horizontal direction, only leaving a vertical spread in energy at the
mean spatial frequency across the grating.
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Figure 6.6

The n = 1 diffraction order of a fork grating tipped ~ 11° to collapse the
spatial frequencies across the vortex.

Further tilt in the backwards direction produces an image more like what is shown
in Figure 6.4, at which point the spatial frequencies at the top of the pattern are now
responsible for the outer edges of the vortex while the bottom produces the inner edges.
Note that if tipping occurs in the other direction, i.e. forward, the same effects take place
but without the inversion of the vortices as the already higher spatial frequencies are made
larger relative to the top of the pattern. No tip or tilt affects the ℓ-number of the pattern as
the amount and rotation direction of OAM remains the same, despite being condensed or
stretched.
The effects of tip and tilt on a fork grating have not been found useful in analysis
when used in a passive range-finding system. Unlike the purposeful degradation of overall
image quality of sampling which leads to increased ranging sensitivity, these effects do not
lend themselves to any enhancements. Additionally, since moiré image based ranging of
fork gratings produces a range to the plane of the grating, it is possible to detect a moiré
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pattern with a frequency gradient imposed on it as well. The front-most edge of the grating
is associated with one distance from the detector, and therefore a specific magnification.
The furthest edge is associated with another distance and magnification. Depending on the
sampling frequency, two or more moiré patterns can emerge making the necessary spatial
frequency measurements in frequency space more difficult.

Figure 6.7

a) An under-sampled, tilted fork grating b) its Fourier Transform.

Figure 6.7 showcases how various moiré patterns can emerge due to tip and or tilt
conditions. The grating is again the 50 line-pairs, ℓ = 1 fork grating, but this time is
sampled improperly on the right-hand side of the image due to the relative tip angle
between the detector and grating. The imaged grating begins to display one moiré pattern
on the left side of the image, which is side of the grating closer to the camera. But the right
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side of the moiré image shows a completely different pattern. More importantly, the
Fourier Transform of this image has its energy distributed across many spatial frequencies
which make up the gradient in the moiré image, thereby destroying the vortex structure
needed for measurements.
As such, if ranging or position monitoring using this method encounters tip and or
tilt significant enough to effect measurements of interest, it is suggested that a normal
orientation be achieved and maintained through means of a control system. Once looking
head-on at the grating, the increases in ranging sensitivity by analyzing moiré images of
fork gratings can be achieved. Alternatively, methods can be applied to account and correct
for perspective effects and are suggested in the next chapter in the Future Work section.
The work presented in this chapter is preliminary and more is required to fully address
effects of tilt and tip on this type of position detection system.
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Chapter 7

CONCLUSIONS

In this last chapter, we aim to summarize the finding of the research and cover
specific, as well as general, lessons learned. Overall, a new method of passive rangefinding and position monitoring is explored. The core components of method are the moiré
imaging phenomenon and the use of fork gratings. Both of these are required as each
makes critical information available to the system. Moiré imaging produces duplicate
spectra from which distance and other parameters are measured. These duplicated features
can be of much higher sensitivities, and the moiré process brings the high spatial frequency,
high sensitivity frequency components to a detectable, lower spatial frequency. The fork
grating is required due to its specific asymmetry which allows for resolution of ambiguities.
With non-asymmetric, periodic gratings, all diffraction orders have the same shape
independent of order and magnitude (i.e. positive or negative). The fork grating not only
produces differently shaped diffraction orders, but also diffraction orders with a
handedness associated with them pertaining to OAM. These moiré patterns can then be
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interrogated by numerically generated vortex beams to discern the OAM in specific
diffraction orders and resolves n ambiguity. The periodicity of the grating is important in
relation to the sampling frequency. The value of m that describes from which duplicated
spectra the measured diffraction order originates must be known in order to estimate
distance, but it cannot be found by OAM analysis. However, it has also been shown to be
measurable based on the Inversion Point theory developed. This produces the otherwise
undetectable value of m and resolves the final ambiguity.
7.1 Chapter Summaries
The initial goal was to characterize the moiré image effect of fork gratings and
compare the developed theory to experimental data. In Chapter 2, the theory discussed
showed how moiré patterns are generated by overlapping patterns in specific ways to
generate new features not present in any of the original structures. Moiré images are a
special type of moiré phenomena as they arise when a pattern is imaged by a detector array,
which is itself a pattern. Fork gratings provide an interesting and information dense
structure to be imaged by a detector. Principles of Fourier Optics showed how the moiré
image is generated, while the detectable features of the fork grating moiré image, such as
ℓ-number, orientation, contrast, and rotation were described.
Chapter 3 provided the first experimental data. The initial experiment was designed
around a custom, high spatial frequency fork grating. A pure moiré image, meaning the
original period of the grating could not be detected by the imager, was generated and both
absolute and relative distance measures were made. Multiple modes of analysis were
explored which made use of the conjugate nature of the imaging process. First, the object
plane was taken as the reference, and unknown values about the system were solved for
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and used to get distance information. By switching the reference plane to the image plane,
one can solve for new system variables which ultimately give distance information as well.
Both object and image space performed similarly, but the average of the two analysis
techniques provided relative distance tracking far more accurate than either method on their
own. Error analysis showed that ranging from the ℓ = 1 diffraction order is comparable to
what was described as the standard method, i.e. a passive ranging system that measures
known object sizes when imaged at the detector to back out overall distance. One
advantage gained by using a fork grating is that the measurement takes place in the
frequency domain, meaning the Fourier Transform of the entire grating produces the signal
from which distance is measured as opposed to individual pixels sampling an object. More
importantly, error analysis gave indicators that measuring higher-order moiré patterns
would lead to increased sensitivity. Advantages could also be gained by increasing grating
size or spatial frequency.
In Chapter 4, the issue of contrast enhancement was addressed as moiré patterns
inherently have less contrast than the printed pattern of the grating, especially when dealing
with high-order moiré patterns. This was achieved by designed and 3D printing a custom
pupil with contained multiple sub-apertures which boosted the spatial frequency of interest
so that contrast was enhanced for the desired moiré image. The contrast increase gained
by using the custom pupil was both qualitatively and quantitatively confirmed though
visual and data analysis means, respectively. This showed that the higher-order moiré
patterns which give increases sensitivity can be made easier to detect by specific spatial
filtering at the entrance pupil. Also, assuming a scientific camera with gain and contrast
controls, by manually adjusting contrast at the level of the detector, the moiré pattern of
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interest can be made clearer by saturating the image such that the contrast modulation of
the moiré image is dominant.
Chapter 5 covered the limitations of the approach both in terms of over-sampling
and under-sampling. When over-sampling an image of a fork grating, one must purposely
sub-sample the image to induce a moiré effect. Doing so not only degrades the quality of
the image, but also the accuracy at which the distance can be measured. It was shown that
this can be overcome by measuring a higher-order diffraction pattern. When undersampling an image, moiré patterns become visible. It still benefits the user to down-sample
the image at times in order to gain access to the highly sensitive diffraction orders which
may not be obvious at that distance. Two factors come into play which limit the maximum
distance that a particular system can effectively gather range information. The first is a
limitation of the size of the imaged grating. When too few pixels cover the grating, even
if the ratios and equations defining moiré patterns generation present a highly sensitive
order, the frequency space is too compressed to measure the diffraction orders of interest.
In practice, this was found to be roughly 20 pixels. The other potential limitation is one
with the imaging optics. When the detector cannot properly sample the grating, a moiré
image is produced. However, if the optics cannot properly resolve the fork grating spatial
frequency, the image of the grating cannot be accurately reproduced at the detector. Even
if the detector can sufficiently sample the grating at the distance, the image will be too
blurred and have too poor contrast to collect useful data. This led to an equation which
gives a general idea of maximum range capabilities for a system assuming diffraction
limited performance.
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Finally, in Chapter 6, the effects of tilt and tip were addressed. In more dynamic
systems, a head-on viewing of the fork grating is not guaranteed. Both tip and tilt showed
non-useful degradation of the image due to the linear frequency chirp applied to the imaged
grating. The effect was worse when tilted in the horizontal direction as that is the direction
of periodicity on the grating. Even tipping backwards and forwards, however, applied a
slight gradient which can lead to exaggerated difference in discrepancy already present in
the fork grating pattern. It was suggested that for maximum performance, tip and tilt ought
to be minimized in the range-finding system.
7.2 Future Work
The research presented here is only a first step in characterizing this new means of
passive range-finding, and more work can still be done to both further test applications and
optimize performance. One thing that was kept constant throughout all experiments done
so far is the detector. Changing detectors to one with a different pixel pitch would simply
alter the ratio of its sampling spatial frequency to the fork grating, thereby altering the
moiré image. This would just be a slight variation on what has been done. However, a
detector with a different pattern could not only make different moiré images, but also allow
multiple moiré images from the detector to be produces simultaneously. For example, a
color detector with RGB channels is just a monochromatic sensor with a patterned filter
over it. A common filter is the Bayer filter, which alternates green with red on one row,
and the following row alternates green and blue. This doubles the number of green
detectors in the system compared to both red and blue. More importantly for moiré image
generation, the green channel not only has a different sampling frequency at √2𝑝𝑝, it is
rotated by 45° compared to the red and blue channels. This is why the rotation of the
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nailbed with a fixed fork grating is presented at the end of Chapter 2. If the individual R,
G, and B channels can be collected from a color detector, one should expect to see different
moiré patterns on the green that the red and blue. It should be noted that the red and blue
channels are sampling the image at the same frequency but shifted relative to each other
by half a period. This means that the red and blue channels will show the same moiré
image, but with contrast inversion.
Additionally, alternative pupil designs should be explored to see if any shapes or
combination of shapes, can further increase the performance of the optical system at the
spatial frequencies of interest. More complex optical systems in general can be created to
produce diffraction limited performance at higher 𝑓/#’s which increase the cutoff
frequency. Increasing the spatial cutoff frequency allows for natural detection of higher
diffraction orders in the moiré image without applying a binary filter to the image. This is
advantageous when possible as it physically puts more energy into the desired spatial
frequency as a means of increasing contrast.
It would also be interesting to test the performance of this type of position sensor
at extreme distances and tight sensitivity requirement as explored in Chapter 5. This would
require the access to a long ranging field, large custom fork grating, and much higher
quality optics than were available for this initial effort. However, doing so would be
helpful in understanding the critical effects that impact position sensitivity, potentially
including atmospheric turbulence and other environmental factors.
Lastly, further work can be done towards mitigating the effects of tilt and tip on the
system, which have an unwanted effect on the moiré image. As mentioned in Chapter 6, a
telecentric optical system produces a fixed magnification and so can compensate for tip
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and tilt. These optical systems are not always best in dynamic situations however, one
potential solution is to use perspective transforms to compensate and reshape the image to
appear in a head-on position. Perspective transforms were used to generate the example
images of tilted and tipped gratings in Chapter 6, so it is conceivable that they could be
used in reverse to make the orientation head-on again. For example, if an image of a
tilted/tipped grating is corrected with reference to one of the four sides of the printed
grating, the distance returned from analysis corresponds to a plane that distance away from
the detector. If this is done for all four sides, the average distance to the grating, or even
the angular orientation relative to the grating, can be found. If a practical solution is found
to compensate for tilt and tip in the system, this would greatly broaden the potential use for
the passive range-finder developed in this work. Additionally, a bi-telescentric imaging
system can be used to produce an orthographic image of the grating which is insensitive to
tip and tilt. This would lead to other limitations as a bi-telescentric imager has constant
magnification and so would not register slight changes in distance. However, rotation and
lateral shift would still be detectable by highly sensitive moiré patterns. Such a system
would be best utilized in a fixed-distance experiment which monitors relative lateral
position and orientation and would serve as a good candidate for a follow-on experiment.
7.3 Lessons-learned
Aside from the specifics pertaining to moiré image based range finding learned in
the research process, I found myself thinking about the system in general terms of order
and disorder, or information and entropy. In doing so, it challenged some preconceived
notions and assumptions I had about the nature of sampling and the information content of
a system. For example, in signal processing the first thing one learns to meet is the Nyquist
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criterion, that is, sampling at least twice the frequency of the frequency of interest. If this
condition is not met, then aliasing occurs, and one cannot accurately replicate the collected
signal. However, moiré imaging is founded on under-sampling. In this case, we want to
under-sample in order to produce new effects not otherwise seen, and it is from these new
effects that measurements are taken.
Initially, purposefully under-sampling the source grating seemed counter-intuitive.
By under-sampling, one is degrading the overall image quality and decreasing the
information content. How, then, is this still useful for analysis? What is more, how is it
that this is better than properly sampling the image?
The answer seems to lie in the fact that one is only interested in a specific portion
of the information content of the image as a whole. When collecting range information
using moiré images of fork gratings, the overall image quality is not of concern. The goal
is not to produce a nice image of the grating but to detect the moiré pattern. This is achieved
by focusing the design around the principles of moiré imaging which include placing the
grating at otherwise sub-optimal distances and, at times, using non-standard pupils.
Another interesting idea which arose during research was that about the origin of
relevant information in a system. In most cases when imaging, one is collecting light from
a scene and producing a sampled, digital version. Using filters and image processing, one
can then remove unwanted data, or use techniques such as matched filtering to boost the
signal of interest. In both cases, the information is present in the scene originally and
techniques are used to highlight or draw out that information. Moiré imaging is again
different. The moiré pattern is always of lower spatial frequency than the fundamental
frequency of the grating, so it might seem that a proper filter for the system would be a low
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pass filter. However, the measured, low spatial frequency pattern is not actually in the
scene at all, and so filtering as such is not helpful. The pattern of interest is generated at
the level of the detector and not before. Filtering can still be applied to enhance the moiré
pattern, but it must be taken into account that the frequency we measure is actually a much
higher spatial frequency than the fundamental. This was shown to work in Chapter 4 by
applying a high pass, dual-aperture spatial filter so as to increase contrast at a spatial
frequency not directly found in the scene but that would be eventually duplicated and
placed at a spatial frequency which the detector could resolve.
The last counter-intuitive idea that arose during research was that degrading the
quality of the image could not only provide useful information not present otherwise, but
also that this information would be more sensitive than the properly sampled data. There
is a somewhat similar concept pertaining to quantum states of light called squeezed states
[25]. Squeezed state light can have properties which are known with more certainty than
would otherwise be available, however, this comes at the cost of decreasing the certainty
of other information in the system. The total information content is the same, one has just
focused on a particular aspect of the system by sacrificing certainty elsewhere. However,
in Chapter 5 it was shown how further down-sampling an image of a fork grating could
lead to increased ranging sensitivity. When down-sampling, the total information of the
image is being reduced unlike generating squeezed states. But the advantage is still gained,
because we are only interested in a particular set of information within the system, i.e.
higher order spatial frequencies. It benefits us to throw away just the right amount of data
to give us access to spatial frequencies that are not normally visible.
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This is reminiscent of a concept proposed by Nassim Nicholas Taleb in his book,
“Antifragile: Things That Gain From Disorder” [26]. Things that are antifragile, according
to Taleb, are systems which benefit from small amounts of harm. In contrast, a fragile
system becomes weakened or broken with increased disorder. Think of a fine china for
example. Antifragility is also no robustness. A robust system does not care if harm does
or does not take place. It remains the same either way. Uniquely, an antifragile system
benefits in some way from disorder.
An example of such a system would be the human body. Exercising is essentially
doing small, but controlled damage to one’s muscles so that the body’s natural recovery
protocols can build it back stronger for next time. Too much damage, however, and the
system, e.g. one’s body, will break. So, there is a limit to the disorder that can be usefully
applied. This same principle was found in the moiré image-based ranging technique
developed in this work. Small, controlled disorder was introduced so that the system, at
least in regard to position measurements, would have a net benefit by giving access to
highly sensitive moiré patterns. It was also shown that applying too much disorder via subsampling produced an image that was not useful for analysis and performed worse than
before.
These advantages gained from applying specific disorder to the image are all
possible because the system has been front-loaded with information. The careful design of
the grating along with choice of distance and detector all allow the naturally-occurring
moiré effect to work in our favor for a specific end goal. Overall this research has
encouraged me to consider other, less-obvious solutions to practical problems. Under
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certain circumstances, not only can these alternative methods perform better than expected
but potentially better than standard approaches.
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APPENDIX

Replica of the 8”x8”, 75 line-pair grating used in experimentation. The size and
number of line-pairs have been scaled down to fit the page but preserve spatial frequency.
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